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. Chapter 6 
curve sKETcame AHD rods mSXESB' ^ i 



6-1. Introduction 

••,..■■■' * . * 

We have fey this time made a beginning in the discussion of sets of 

points and their analytic descriptions . We have introduced and used various 

coordinate systems* We have used parametric representations, finding them 

particularly useful in physical applications involving rotation or other 

motion, and in locating positions on a path. Bow we investigate more of the 

details and try- to develop more competence (and confidence) in*this powerful 

language of analytic geometry. 



V 



6-2. Qeneral Principles - . . 

H!he study of analytic geometry has two major concerns. One of these 
is the relation of geometry to algebra; the other is the relation of algebra 
to geometry. We must, therefore, consider two basic situations. 

* A. We are given a set of points. What would be a good analytic 
representation of that set? If we had two sets of points bow 
would their geometric relationships be revealed in their analytic 
representations? (geosetry to algebra.) * / ^L 

B. We are given an analytic representation of a set of points. What 
can we now say about the geometric properties of* that set? -If we 
had analytic representations of two sets, how could we use these 
to reveal and develop their 'geometric relationships? (algebra to 
geometry . ) 



/ 






2h the first situation we must distinguish immediately between the cases ( 



we shall treat in this text and those we leave for later work. If a set of. 
points comes ^to us, say 7 , from a chart of the results of -an experiment or a 
curve drawn by an automaMc recording device, it might be useful to have a 
simple, analytic representation of that set. We do not treat such matters in 
this book, although they have important applications In science, and. are the 

subject of much current mathematical research. » ,• \ 

• Vi 201 *~ 
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The sets of points with which we sha^JL concern ourselves must come, 
already structured*by some geometric condition or property. Our task wilil 
be to translate this condition into analytic terms through our choice of 
coordinate system and mode o£ algebraic or\trigonometric representation. 
Tot example we may be interested in the set \ of all point b equidistant from 
two' given points. What type of coordinate system is best suited. to describe 
this situation? Can we simplify the description by a wise choice of axes and 
,*alts? ' ' \ *.'■.# 

On the other hand suppose we meet the expression 2x +«3y + 5^0. 
What set of points does it describe! ^Is it a i?onf iguration \e can visualizef 

What are its properties? , \ v 

' • '' • ' ' */ 

In this second situation the variables come to us already named, and the 

context and notation usually indicate the type of coordinate system and the 

choices of axes and units. "The analytic representation say exhibit some. 

' special algebraic or trigonometric "properties whidh we expect to see reflected 

in certain geometric properties of the correspondihg graph. We do not define 

the general term, "property", but illustrate and cement on those we shall 

consider. ♦ - 

Example 1. Discuss the equation y = sin x and its graph. 

* 

Discussion : We assume that the domain of *x is the set of real numbers- 
and note immediately that, whatever the value of x, we 'always have |y| ^ 1 • 
' If a graph of this equation were drawn on the usual rectangular coordinate 
grid the geometric interpretation of this statement is that the entire graph 
is 'contained- in a strip v*o units wide, centered on the x-axis; and of * 
infinite length to" right and left. We sometimes describe such restrict ipns,\ 
onjfche graph by saying it is bounded above and below, but not at the sides. 
Any 'comment indicating what regions of the plane may or may not be occupied' 
by BPgraph is part of the discussion of what is called the extent of the 
graph. ■ ' * 

We /note also from the given relationship, that for each value of x '• 
there fs a unique value of y , but ■ not vic€ versa! .That is, y is expressed 
as a 'function of x , but x is not a function of y . The geometric 
versiofffef this comment is that, if the graph were drawn on the usual t 
rectangular coordinate grid, each line parallel to the y-axis would intersect 
the. graph exactly once. What can you say* about intersections of the graph* 

with lines parallel to the x-axis?- - 

* 
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■ . Ve note afso that, since - sln(x + an*).* )p\x for integral values of 
n ,-the y '. values will repeat 'endlessly through the range -1 ■£* £ 1 • 
We say in this case that y is a periodic function of x . If, -in general, 
y = f(x) so that, for some fix/d p / "0. and for all x , f (k + p) = f(x) , 
then we say that y is a periodic function of x . In- that case 

f(x + 2p) - f((x + *p) + P) = fdc + p) -■ f < x ) • 
Therefore, forSauch function, f (x* np) = ,f(x) for integral values of ri . 
If p > .and there is no smej-ler positive number which satisfies the 
requirement* f (x + p) - f (x) for all x , *ben we say that f(x) is 1a 
periodic function of x , of period £•-'.- 

Specifically, y - sin x is a periodic function of x of period 2* . 
What^are the periods of the periodic functions, y = cos x and y = tan x f , 
Sole that it is the function which is periodic,' nqt the graph. A particular 
function may have quite ' different looking graphs, depending on our choices 
of coordinate systems. .The periodicity of, a function may he more readily 
seen in some; graphs than in others. The graph in Figure 6-1 can be inter- 
preted to give the same information ahout y = sin x as ^s given when we 
say that, y is. a hounded periodic function of x* of period" 2*. What ^ 
other information about the function can be' inferred fros^the graph? 







Figure 6-^ 



We have chosen »the usual rectangular coordinate system, using x and-' 
y as abscissa and ordinate respectively, and? obtained the familiar and* 
•beautiful sine curve. Do you see'the relation between the shape of this 
curve and the related words: - sinuous, Slid insinuate? 
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We could have chosen a polar coordinate system for a graphic representation 
of y = sinx , We may expect a different looking, graph oh a different grid, 
but we £ho$ld expect also to have some geometric counterparts of the algebraic 
properties we mentioned earlier. " '* *" 



•% 



When we use polar coordinates we customarily use as variables not x and 
but r and . r is now -a measure of the polar distance to the point 
- (rfcS) , and 6 is a- measure of the angle between the polar axis and the "polar 
ray through "(r|8) . In this context some authors say that r is ft measure 
of the distance or modulus , and that is a measure of the argent, or 
am plitude . 

■ ' ■• ' ' 

^ A strong note of caution must be made in discussions of polar graphs of 

equations. Prom the fact that a point does not have a unique representation 

in polar coordinates we expect that a set- of points .may have several, perhaps 

quite dissimilar analytic representations. Any discussion of the relation 

; between a gra'ph and its analytic representation in 'polar coordinates must take ' 

account of this lack of uniqueness,** We remember that a point P . is on the 

graph of t = r{0) if P « has at least one pair of polar coordinates which 

satisfy this equation; Thua the point P = (10,5) is on the polar .graph 

of r = 20 , because 10 = 2(5) , but the same point could also have been 

located' by the coordinates (10,5 + 2s) ,.or (-10,5 + *) , or others', where 

the coordinates do not satisfy the equatipny r = 26 . 

The polar graph of ^ = sin 6 is 




'given in Figure 6-2. Can you now 
interpret the* graph to show that r 
is a periodic, bounded function of 0? 
We may note thatHhe related polar 
equation for this graph is 
r = - sin (8 + n) = sin 0«, hence is 
. identical with the original polar 
equation. 



u.£) 




si 



' Figure 6-2 

Both Figure 6-1 and 6-2, which are graphic representations of • y = sin \ 
exhibit.'a geometric property .called symmetry. !Che algebraic counterpart of 
this property will be discussed in detail after the following exercises. 
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Exercises 6-g(a)' 

\live bounds for the graphs of the following equations. 

(a) y ■ 2 Bin *4. (f ) y * 0.6 sin x + 0.8 cos x 

(b) y "■ sin 2x ' 

(c) y = 2' - sin 2x 



(g) y = 2}sia x + 3 cos x 
* (h) y ■ a ein^x + b cos x 



(d) y m - sin 2x 

(e) y » «»■ + 2' sin (3x + §) 



G) 



y o sin 4 x 



2 2 
( J*) y = sin x - cos . x 



V 



2 % Express in ^arms of a •, -b jpfc-^d the 1 bptu/de, and the period of the 
. graph of y «• a + b sin (ex + d) . ■• . 



6-2(b) Symmetry , • 

» 
. The 'graph in Figure 6-1 i^ symmetric with respect to the. origin (and' 

many other points), 'and to the* line x - | (and many other lines). The 



graph in Figure '6-2 *is symmetric with respect to the point (^#g) # and to 

•the line 6 -= § (and many qther lines). We shall concern ourselves with only 

the types $f symmetry you have already met in earlier courses. We^give their 
definitions here for .the sake 'of completeness . * ' / ■ 

Point Symmetry . Given a set of points S , and a fixed point, K .» . 9 is 
, symmetric with respect to M if, for each point P of S there is a 
corresponding point F» of S stfch that U, isi the midpoint of PP* . (The 
point P 1 is called the point- symmetric image of «P with respect to H, or, 
when the context makes the reference clear, the image of P with respect to 
M.) 

Line Symmetry . Gfiven a set of points S , and a fijfed line L . S- 1? 
symmetric with respect to "L if, for ea^ch point P of ^ S .thgre is a 
corresponding^oint P 1 * of** 8 «uch* that L is "the perpendicular bisector 
of" PPT • £ ie sometimes called an axis of symmetry of the*set« S , which 
' may have more than -one such axis. We sometimes borrow terminology from the 
applications, and* call L * an axip of reflection ; in that case we may also „ 
call P* the reflected image of P with respect to^^^L^. or simply^the 
reflection of 



, f ijfed line 



■eflfected image of P with respect to^L^,. or simply^tl 
F- in- C . * f / •- Vn | • f / : 
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* . « ■ . J&fc ■..,■*• 

In rectangular coordinates we readily establish an algebraic test for 

symmetry with respect to/^he Qrigin.^^The .point Pj^ ■* (x^y^ has the lSage 
P "'I " ^" x L»" y l^ With r § 8 ^« ct * to thejBrtgln. If F^ is on the graph of . "" 

f(x»y) ■'"O then ftx-^y,); «#»0* . i/fche graph is symmetric with respect to 
the origin*, for each point & V*ta»ya.) ♦ * n 1-t # the Sraph ®*st also contain . 
the^ point P» =.(-x 1 ,-y 1 ). . That fs> -whenever ffx^y.^ = we must als^ 
have f ("-x-j-y, ) = 0, . This yields our test: t , 

The graph of an equation* in rectangular coordinates is symmetric « , . 

with respect to the origin if an equivalent equation is obtained by 
replacing £x,y) by (-x,-y) . I t < 

We may now test the equation y => sin x , which may be written * 

y - sin x « . If we designate the left member as f(x,y) ,' we have: ^ \ fy 

f(,-x,-y) ■ -JT - sin(-x) , or* -y + sin x , or -(y - sin x) , or -f(x,y) . 
This is- clearly equal to zero whenever f(x,y) is "equal to zero ; therefore,' 
■ the graph is symmetric with respect to 1 the origin. 

« As a second example we may test the equation y ■ xr whose graph is 
called a cubic parabola T Tf -we write this equation as y - ir ■ and 
<%all the left 'member f(s£y) , then we find f(-x,-y) = (-y) - (-x) - -y + ar 

= -(y - % ) " -f(x.y) / Clearly this is zero whenever f(x,yj = , thus 

*** - -. * • , * 

our test 'for, syametrv is satisfied, and the graph is symmetric with respect^ 

to the origin. 

The test for symmetry with respect to any point M = (h,k) other 

mm f 

than the origin, is not at .all difficult, tSut will not be presented here.- -If 

a curve has* such symmetry, we eaa usually find a simmer analytic representation ■ 

. i , ; i . . ■ . . 

for it if we ule the center of symmetry as a new origin. 
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ates,y$ can 



*.'.* - 



find a singOe algebraic telsfc for .. 
* - >*• •■•*„...- - , 

symmetry- with respect to the axes..* '. 

*T£e. point . 'P fc (x,y) Ms the' iaage ; 

P* « (-x.y) vlth refrpeclNto the - 

y-axi's, ana: P" V(x, r y) .with respect 

%0, the x-axis . „ 

" " . These -relations- l§ad»to bur test . 

■ . ■ .#■■.. .*. • •■: . .. . 

If the graph is- gy^mfitxic'.with respect 

" to the y-axis', 'tjjeriV for each point. 

* # ' • . - * • ■ . 

*P « (x^/y.) on the graph there -^oust ' 

1 be'* point ^ «= (^x^y*!) ''alsb on -- 



»>■<; 



? "■*■■•'■ «i • ' - * • 
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, ; , , . • ,Figure^-3 j ' 

the graph; that is, if^r^SjjLY,) = b ,,so also mast f^-x-^y^) = 6 J IThis' fc ,l 

means thai* the equations ^ f (x*y) = , and f (-x,y) = fast he equivalent 
equations. Me show that the graph of y = sin x in rectangular " soprinate^ 
does not have this type of symmetry. This equation can be written bb 
y - sin,x,= 0, or f(x,y)= . Then f_£-x,*y) ••is" y - sin (-x) or . . ■ 
y +■ sin x , which clearly heed not equal aero when fix/y) = y '- sih.x does. 

The test for* symmetry with respect to the x-axis is analogous and we 
auimarize these two tests: 



fe 



The graph of an equation in rectangular coordinates *ls symmetric 
with respect to the, 

(a) x-axis", if an equivalent equation is obtained by replacing 
U,y) by ^(x*-y). ; " ■ 

(b) y-axds, if an equivalent equation* is obtained by replacing . 
,(x,y) by (-x,y) . * i ' " i * 

■'.■'•'•■ ;,§.'■-" x 

It is quite possible, for a graph to be symsfetrlc witi^ respect to. both 



axes. The graph of x -» 



1+y = 36 Is an ellipse "anU it exhibits such 



double symmetry both algebraically and geometrically. 
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, " Figure 6-1*. . * , 





If *y can be' expressed as an explicit function 



t (t) „ 



'■<\ *auch that f(x) «pntains- only even powers of x then ,we say that * y J.s 

an even function V x , and -recognise that ittf^grapi is sjpsH#fcric with respect 
<•£ to the y-axis. Some examples of even function^ of *x are: 



: * ., y » 7x 2 , y * x 2 + 3* , y 



2 
3* , y 



« » 

■ 2 " f ■ 

• X 



Hbte that the equation x .+ by «- 36 *>es not* d ef in e yas a function 
of x , or x as a function of y . * Bather, it yields expressions for y 



as two (even) functions of x , that is, y - -xhs.-.x «, and y > -%q6 - x 

■ *- . • " • 

•■■''♦ ■ i .>'' . . « 

The graphs, of these functions are semi- circular, arcs each of which is, in ■ 

fact, symmetric with respect to the x-axis. * # *^» . ... * - 

Where x and y are related implicit Jy3^ aj^l^ation *^(x,y) «♦& , 
we may still use the concepts above. If f(x,y) .contains only even powers 
of x , then f(x,y) = f(/-x,y) , and the graph of "f^c,y) * will be 
symmetric with respect to thfe y r axis. Thus we may still relate the symmetry 
of the graph to even functions even when fhfse functions are Implicit. Some 
examples of even implicit functions are: t 



. t p h p '.'"■■ , 

'(a) x y + x y = 10 , whose graph is symmetric with respect to the * 
. ' * * * v * , * 

y-axis but not -the* x-axis; .. , 

, -it 

(b ) x 2 y 2 + 3xy + 2x = , whose graph is symmetric with respect to 
■yie x-axis but not the y-axis; 

(c) x y + 2x 2 + 3y 2 =. k , whose graph is symmetric with^respect to 
' both axes. * « 



I. 



Jfote that the graph of x + ky = 36 is symmetric with respect to the 
oEigin also, since f(x,y) - f(-x,-y) . Which, if any, of the graphs of 
a , b , and c , above ^= are symmetric with respect to 11 the origin? 
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Synoetry with respect -to otiier lines will nfTt Toe genera l ? y discussed 

here, but* "there ia a simple test f or 'syiaBetry with Respect Ho the, lines whicb 

bisect the angles formed by the axes. 

These lines are IJ : y ■ x , and 

IuS. y = -x . The reflection of 

P = (x,y) in L^.is P* » (y,x) , 

and in lu iff P« - (-y,-x) as n«y 

be seen in the figure . 

The corresponding test follows 
as before and may be stated thus : 



N - 
\ 

\ 









*-/- 






' - Figure 6-.k 

The graph of an equation in rectangular, coordinates is synsnetrlc with 
respect to the line^ % 

(a) y= x, if an equivalent equation is obtained by replacing 
(x,y) by (y,x) ; 

(b) y = -x , if an equivalent equation is obtained by replacing ( 



(x,y) by (-y,-x) . 



Rxansples: 



1. The graphs of the following, equations are syasaetric with 
respect to the line <y = x j 

(a) xy = 6 ( 

(b) xy « x 3 + y 3 ■ „ 

111 

, » 2 2* 2 

(c) x + y = a . » 

(dj x + y'^ 10 

(e) x 2 + y 2 - 6x - 6y = 12. 



/ 



2. The graphs of the following equations are symmetric with- 

respect to the line y =f^-x j 
(a), xy = 6 ' ' « ■ ■ i 

v* 

(b) y = x + 3 

(c) x 2 + y 2 - 6x + 6y = 12 * » -- * 



y 3 + xy / 



(a!*x- 



(e) y = x 2 y 2 + x . 
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IT a graph has an aad.s,tOf symmetry parallel to the x-axis or the y-axis 
'it ajay have a simpler analytic representation if we use ney coordinates 

based on this axis of. Symmetry. Such transformations .of coordinates are 
* considered in detail In Chapter 10. Tests' for symmetry with respect, to 
"V"" "other lines than«*i8se mentioned are available, bu^ they are beyond the 

*scop&of this book. - 

-• * ' 

These comments on symmetry --in ^rectangular coorjjtLnates have their 

9 counterparts in polar 'coordinates. Point symmetry with respect to the pole 

' requires^ tJhat the graph of f(r,0) = contain, for each point P = (r^,^) 

* « / • { 

the corresponding point ' P* .= (-r, ,0. ) • This condition- will be satisfied 

.'if f(r,e) is an' even function of r . Bote that the condition is 
sufficient to establish suqh symmetry but'it is not necessary. . Thus, the 
graph of r = 5 is a circ/e with radius 5 , and it does - have such 
symmetry, but this equation does not define an even function of r . We will 
not analyse the general situation, but note that r = 5 and r « -5 are • 
related polar "equations for the same circle. These equations may be written 
as r - 5 = and r + 5 = 

multiplying corresponding members to get r^ - 25 * . This equation does 
give an even function of r and its graph, which is the same as that of 
r = 5 and of r = -5 . fs therefore symmetric with respect to the pole. 

The point P = (r,8) has, as its image with respect to the line 
containing the polar axis, the point P» = (r,-§) . We will not treat line 
x symmetry in general, but we note an easy test for symmetry with respect 
» to any line through the pole, say- the line 6 = k . In this case the points 
P = (r*,k + a) and P» = (r,k - a) are line-symmetMc injages for any ( Vaiue 

of a . 

■- P 



, and then combined as in Chapter 5 by 

2 



\ 




16 



Figure 6-5 
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-'-' ' . \* * •■ 

? 

ife state a test for such symmetry: * v . * -. 

• " ■ ' */ -— ^ 

• ' The polar graph of- an equation is^symaetric .with respect toftre line 

> . ■ j # « . *j 

& = k if. an equivalent equation is obtained by replacing (r,k + a) by 

(r,k - a) . In "partlculari the graph wUJ^te .symmetric with respect to the 

line along the polar axift if. f(r,S) - f(rj-8) . ' - 

, These should, again be recognized as sufficient but not neceeaary 
conditions. Since we "have infinitely many polar representations of the 
symmetric points P- and- P». we could Have infinitely many test for iuch 
; symmetry. The. test we haws presented is the»slmplest to. apply, and, with - 
the aonijept of related polar equations, is adequate f 02? the work of this 
course. ' 

~tf we go back to an equation froa Example 1, r ■= sin 9 , we may write 
it r r iin 6 = , and call the left member of this equation f (r,0) . JSh&- , 

diagram there suggests that the line 6 ■ « is to axis of symmetry and ve 
compare* k f(r,| + a) and f(r,| - a) ., The first of these becomes 

r - sin(- + q) , or r - cos a . The second of these becomes r .*■ sin(^ - a) 

or r -"cos a" . The identity of these expressions established the line 
. symmetry of the graph, as indicated. We nay have stated, in corresponding 

manner, that the point P = (r,§ + a) is on the curve if and only- if the 

corresponding point P* = (r,£ - a) is on the curve. This is, in effect, 
what we have shown. 

9 



Exercises 6-2(b) 



1. May a set oa points have two centers of symmetry? Qiscuss Jour answer, 

1 
with examples. 

1 ra 

2. Give^an example of a set of points -/hich has exactly 2 axes of symmetry; 

exactly 3 i exactly k . • 

» 

3. Give an example of a set of points which* has an inflate number of axes 

of symmetry. 

h. If a- graph is symmetric with respect to both axes must it be symmetric 
■S with respect to the origin? Illustrate. 

5. If a graph is symmetric with respect to the origin must it be symmetric 
with respect to both axes? . . ^-» 

•. ai « ~< ■ ^ 
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6; Discuss the symmetry of the graphs of each of the equations listed: 

• ' ■ "■■■*' 

*(aj Jc^y 3 -!* 
(1)) x 3 - y 3 a x .+ y 



(d) x^ + y 2 ) -yO^ + y 3 ) 



(e) 



2 '^ 2 
x y + xy ~ 



<f ), (x + V)*" .♦ 2(x + y) = 1 



- sin 8 . 

' 2 *'• 
"(l). r a sin 6 

(m) T » 2 +'&(0 +.«) 

' 6 r I 

1- + COS e L 

6 
3 - eo8(0-«) 



r = 



(o),\r' 



v2 



(g) (x+y) + 3(x + y) '- 1 
(h) x + y 3 ■ - y 2 + x 3 

(i) «» + ,#♦/ 



(J) x' + y 1 



x + y 



2 2 ' 
(p) r cos 0. 



10 



(gj r 2 -■ sin 26 * 
(r) r = 2 sin 3© 



r 



(b) r = 3 + 2 cos(a + f) 

(t> r = 'a + "b sin & 




Challenge Problems 

1. (For discussion) By analogy with line symmetry in two dimensions, 
consider symmetry with respect to a plane In three dimensions. We 

are familiar with our reflected images in- a mirror and accept the fact • 
that there is a "reversal" of some sort. The reflection of ray right V^ 
hand is the "left nana" of my reflected image. Why is this reversal 
only left-right? Why is there not also a reversal of top-fcottoa, so 
%hat ray reflected image vould appear to stand' on its head? 

2. Given the line* L; ax + fcy + c - and the point V^ - (x^a^) not 
on the line. ' Find coordinates for P 2 = (x„#y > ,. the symmetric image 



\f^f 2 J 



of P , with respect to L 



6-2(c) Extent . - <■ 

. We discussed the equation x 2 +' Hy = 36 earlier from the point o4- 
view of symmetry. We use it now to discuss the extent of "a graph. This 
equatijOn yields two equations which define y as a function of x , 



y <= 



i/36 - x and y 



¥*T? 



We see that if we take values of 
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vMch>vill lead to real values 

i 



* |x| large enough we snail have in botlt cases corresponding values of y 

' which are tttag^nary;. Since our graphs 'Consider only real values of x and 

y we now fciguire about poesible values of 

ofNy , and vice versa." In these cases we oust have' -6 £ x <£ 6 j or 

|xj £ 6 . \¥or these restricted .values 

of x the corresponding values of y „-. 
f ' 

range from -3 to 3 • The • geometric 

versions of these restrictions can he 

reapplied to the graphs of bgth functions 

of x defined, shove, but 4 it is ioore ; 

useful to consider the uniorf of these 

graphs/ that is, the graph of .the 



original equation 
x 2 + ky S 



36 



Vram the discussion above we see that 
the- points of the graph all lie in A 
rec&angular regieto 12 units vide 
and 6 units high, centered at the 
origin. If | in 
y as a function of 




, we can express 
and the 



x , and there are 



^ 



Figure 6-6 
x ,' as will yield only real values for 



such restrictions on values of , . ^ 

•we say that the domain of the function is bounded . Thus, all points of the 



graph of the function y 



~/^6 - x 2 are confined to a stripTbounded.by two 



vertical lines, x = +6 , as indicated in Figure 6-6'. If, in general, the 
possible r^al values of y are similarly restricted, we say that the range 

*cf the function is bounded. 



Thus, 



h&T? 



, all points of the graph of }- g . 

-» , * ■ 

are confined to a strip bounded by two horizontal lines, y = ±3 $ as indicated 

in Figure|6-6. If both the domain and range of a function are bounded, we 

say that the f»*jpH nn is bounded, in which case its graph is confined to the 

intersection of a vertical and horizontal strip, 'and is therefore confined 

\o a rectangular region. These terms are usually .applied to equations and 

their graphs' even when the functions are only defined implicitly. Thus, 

P P 

when we .day, that the -graph of x + ky =, 36 is bounded, we indicate that 
it is contaihed in a rectangle, as mentioned earlier. 
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2 2 ' 
If the equation were-v^x,. - ky ,<= 36 , we would obtain , 



y * 



f (x) « ± .| JF^srf t 



We 



now note that ve mist talcs -values of |jc|r large enough to make the' 



X 



radicand non-negative; that isj 
jxj > 6 , which, will be twe If either # 
x > 61 or x x ^ -6 . Oeometldcally, 
this means that •'y Is defined £nly .. 
for points on th^edge's or outside 
the' vertical strig bounded, by the, ' 5 
lines which are the graphs fa ■«*» o^ , 
and x » -6 . With these restrictions 
, on x ve teay"nbv have any value of 
y . The original equation yields two ' 
equations which define x as a function 



S 



of y 



X a 



^$6 + V 







Figure 6-7 



736 + % s 



and we see that x in both cases is defined for all values 



y . I A 2 - 36 



of y . It is nof; customary; , in -this case, , io speak of rf - „ 

as a bounded function, but merely <o say that the domain of x excludes 
certain values* « ■ 

1 . * 



Another concept emerges when we consider y = -; 

* x 



The domain of x is, 



also restricted here since x cannot equal zero. With this exception, y 
is defined for all values of x* . Geometrically, points of the graph are 
available except at the places where the abscissa is zero, therefore this 
graph does not touclf or cross the y-axis ^ If we write the equation 

* 

x = — , we see that the graph does not touch or cross the x-axis. Also, 

from the fact that xy = 1 , we iqust have x and y either both, positive, 
or bota negative, which means, geometrically, thai we are' confined to the 
first and third quadrants exclusively. From the equation xy = 1 we see . 
also that as we take points of the graph nearer the x-axis we must take them 
farther from the y-axis, and vice-versa. A line, such as the x-axis in this 
case, to which points of "the graph approach more and more closely, but which 
ifontaifts no point of the graph, is called an asymptote of the graph. The 
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'graph/of Br «= r ha* two !*e2?mptotaej 

: . ' ' namely, the x-axis and the y-axLa. 
Our exfluapUea will iHttatHtte the 
treatment of asymptotes in aevfcral 
» . eitua&ionsj, but we make a general 
observation. If our aaalytlc repre- . 
sentatlon baa "be written as 

* * * ■ ■ ■ *fui ' ' ' 

where * g{x) "say equal zero for some • 

value of x , say, x.**-a then, -for 

this value of x , y is no$ defined.. 
« Also, if, f (b) 4 tt* 80 * *» seae*® 1 * 

as we t£ake values of x closer to b 

•t^e oorresponding values of y become 

greater in absolute value. Gecmet- 
' rlcally this usually means that as we take points doses to the line # 

t^iey must be farther from the x-axis. Thus, the line x <= b is a vertic 

asymptote. If g(x) « has roots \ , b^ , ... , and these are not 
V: of f(x) « , there will , in general/ be vertical asymptotes, x -.^ , 

x - b , ... - S»re is no difficulty in revising thesej comments to a] 

to hoAiootal asymptotes: If we can write x - |^| J and k(y) -6 hasjroote 
V*-*' c ->. c . ... , an* these are not roots of h(y) =#0 , then, in general, 

Imf 2 




9- 



there* will be horizontal asymptotes, y 



cj , y - c g 



, ... 



" p * * 

Exajnple& r Jttscuss and sketch the graph of 



s 



{>. 



\ 



x + 2x - 3 



r 



X 

Solution s The equation can be written as y * (x + 3)(x - l) ' nence ' 
^rcei the discussion above, the curve has as vertical asymptotes the lines 
x = -3 and x = l 



y is not defined for these values of x , but 



y is defined for all other 'values of x i If x > 1 tfnd increasing then 



2L5 
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Figure 6-9 



y ie positive, and decreasing. For 
large values of x the values of - 
"x + 3 and* x - 1 are relatively . „ 
£lose to values of x^ and y is 

relatively close to |, which is 

.i 
positive; therefore, the corresponding ■« 

points of the iurve are' close to t"he 
x-axis* Ifr < x < 1 the numerator 
is positive and the denominator negative; 
therefore,, y _ is negative. The curve' 
still approaches the Hi m* x = 1 as 
an asymptote, bjut from the other side* 
If -3 < x < the numerator and 
d enomin a t or are both negative, there- 
fore y is positive. As before, the 

* » 

curve approaches the line x = -3 as 

an"asyaptote. If x < -3 then the 

numerator is. negative, the denom±fi£E5r positive, and y negative. The 

curve again approaches the line x = -3 as an asymptote, but from the, left 

side. 

For negative values of x with large absolute value the mbies of 
x + 3 ajid x - 1 are relatively close to x ,, and the corresponding value 

of y is relatively close to - , which is now negative. That is, as we 

take points of the graph farther to the left, they must be closer to the 

x-axie, N from below. The graph, < pictured in. Figure $-9, shows that 

algebraic and geometric relationships we have discussed. 

* '~ ( 

A discussion of the appearance of a graph for large valuessOf |x[ 

or |yj , whether we take x and y positive or negative) is part of the 

discussion of the exte nt of the graph, and is sometimes referred to' as a 

discussion of the behaviour of the graph for extreme values of the variables. 

* 

The concept of excluded values because of a zero denominator has one 
further application. Consider 

2 



y = x + 2 , and y = 



- 4 



«s» 
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It wold not be correct to write the second equation as 



" tx -*S) 



and then remove tfiti common factor 



to arri,xre at the first equation « ■„ , « 

y = x + 2* • - ** '" 

As a matter of fact, the two equations and their graphs are different in af - 
fflyn hut significant way. In the first equation, y is defined for all -xj 
in the second equation y is defined for al^.x , except x =*2 ■% 
Geometrically, "the graph of the first equation is a Uney the gijaph of the 
second equation is a "line except for a missing point at the place where , 
x = 2 , that is, it is an interrupted line. (Could < you interrupt this line 
at the place where x = 1 , also?) 

The discussion of these excluded points, lines, or regions is useful ia 
describing" the extent of the graph. It , s' all very well to know where the 
graph does not go, but we are still concerned with the points through which 
it does go, that in, with drawing the graph. The most straightforward way 
of drawing the graph of an equation is t° plot a number of points on it and 
draw a curve through than. If the equation has the fosm y ■ f (x) you can 
make a table showing the value of y corresponding to each of a number of 
values of x . You have dona this many times in the 'past, and there is no j 
need to go into detail again here, kowever) it is worth r emin d ing you that 
you should think about how ma^y values of x to use, 'and which ones, ana 
£ow to join the corresponding points. ' 

As in an election poll, we take enough samples, with special attention 
'to certain critical spots, until we have some reasonably, clear idea of how 
the whole picture will look. There will always be, some disagreement about how 
many" are ? enough*', and what is "reasonably dear**. Our sampling can start 
at some easily available points. On our grid we can most easily 'find the 
places where the graph crosses the axes. Since the x-axis, for example, 
has the equation y = , we nay solve simultaneously i y = , y = f {x.) i 
that is, we may find the roots of the equation f (x) « , in order to find 
the abscissas of these crossing points. " If f(x) = 0*has roots a^ , a^ , 



An 



then these numbers are the x-antercepts of the graph, which goes 



<* 



V 



through the points (a^O) , (a 2 ,0) 



These points are easily plotted 
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on the grid, as are the joints of intersection of the graph with the y-e 

* Sat, eo matter ho v many points you plot, there always remains the' quesi^ic 

of how £he curve"^Khaveff* elsewhere , " It Is to cast further^iignt ori this • • 

question that you should investigate ,^fcefore any extensile computation, tlje 

properties of the curve and its analytic representation in the manner ve ■;''; \ 

have ^ust illustrated. We summarize this type of investigation in mnemonic \ 

' .fori: w Check* the, isp^EA first." {^ymraetry, Extent, BerioOlcllar, Intercepts., I 

~ i • • • rf * " * v t 

■> Asymptotes . ) ■ ■ * t | 

-■«■.. .■ • > ■ ■• " i 

The curves and equations with which we deal in this, course are reasonably ^ 
well behaved, and the poinds of the gra^h are. usually smooth^' connected, 
with certain notable exceptions. We have already dealt with feraphB of in- 
equalities in Qiapter 5 , and will not deal with them at' great length here, ^ 
but will consider them in the examples whenever there is any matter of 
special interest. ' * ■ 

A curve usually separates^ the plane locally into two regions (above and 
belomk inside and outside, ...'). In many cases in this text the'points in 
these two regions *are precisely those whose coordinates satisfy one or th^ 
other of the inequalities we obtain from the original equation** IjJhus the 

^raph of x 2 + y 2 = 25 is a'cif de of radius 5 , centered at the origin. 

The graph of x^ + y 2 < 25 is the interior of that circle, and the graph of 

p ■ p 

x + y > 25 is the exterior. 



* 



We have used rectangular coordinates in this general discussion, but 
much of it can be adapted to polar coordinates, though the grapEfcwill not 
have the same geometric properties. In polar coordinates the graphB^f 
Inequalities are sqSfetimes .unexpected. Thus the graph of r =5 is a 
circle, the graph of r > 5 is the region outside that elf cle, ^ut the graph 
of r < 5 %$JtiS& entire plane. The graph of r = j. is only a remote cousin 
/' to the graph of y = - . The rectangular graph (a hyperbola) has a vertical 
asymptote, the line x = , and this is a geometric consequence of the 
fact that y is not defined for x = . From the equation r = g , 

we see that r is not defined for 8=0; nevertheless the line 8=0 

■' / 1 \ 
contains the point P = ( , 0) . This point has infinitely many other 

» * « ' 1 

polar representations, including particularly 'P = ( — , «) , and since 

- these coordinates satisfy the equation r = -s , we must allow P on the 
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graph of 0=0. There aJafc- as -a mattttffcH" faTst, lxrf inlte&y many otter 

pqints for whichwe/\pn find some^atr of, polar joordinates that satisfy ■ 

1" ■ *y* 

r ",.«•* and which lie on the line © ■» Of., Therefore this line is .pot in *> ■ 
*& • * * * ' • * < • ~ * • . > 

■" x •' « 1 1 ' " ' • * '•" . ■ '.■•'.* 

asymptote *foj^the graph ir x - §■ - . • ^ |*« <, , * 

' i . • * - r 8 tE» - * , „ ' " • * 

r 

is. 



The graph of ! »r « f- floes, 

» * *^r k ■ 

nevertheless, harae^a Tfcrue asymptote, 



the line corresponding to r'« • * - -^ , 

but the discussion of this Bust ccojsiSer 

the value? of 8 W»@ as Q gets closer . *> * 

to . and this discussion is beyond the 

scope of this hook. 




r ;r 



*v 



.^- 



» Figure 6-10 



We will, "in the examples andjiiext that .follow, use) polar .representation 
or any other that seems appropriate to the problem and our purposes, and 

carry the discussion to the level and' detail' th%t seem fitting.' Our examples / ^ 

' V '» \ ' ' 

will illustrate the general principles abprre, and some ideas of less general 

application, but the studemt is urged to extend his own experience by doing * *„, 

as many of the exercises as he can. ■ One suggestion ve have found valuable: '* 

an equation and ilts graph should be considered, in a dynamic, rather than a 

static way. If we have y = f(x) , what happens to y when x increases a 

little, when x approaches , when x gets very -large? If we^ have a 

point P_ « (*o»y>0 of the S^P* 1 * how does the curve look, near that point? , 

ThinV of the point as moving along the curve, and our analysis as a moving 



picture of the point rather than a snapshot of the entire ciirve-. 

6-3. Conditions and Graphs ( Rectangular Coordinates ) 

' In this section we shall discuss a number of examples in detail. This 
discussion will bring together and apply a number of topics you first 
studied separately. We shall illustrate also some useful approaches that may 



be new to you. 



Example, 1 « Discuss and sketch the graph of 



y = x + — 
rf x 
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Solution . There is no symmetry with respect to either axis, since ye 
do not get equivalent equations by- replacing x .by j. -x ; or- y by -y . 
There is ejatfietry with respect to* the origin, because we do get an equivalent 
equation by replacing - x by -x arid y by -y .' There is % vertical , 
asymptote, the y axis, whose equation is x = . For large |x[ and 

X either positive or negative, y and *■ become relatively equal, 'since 

i ■ « „ . ' 4 . •* 

■j x ■ • * . • * 

£ becomes relatively small 1 . Geometrically this means that the, graph 

approaches the line y = X asymptotically, ' from above, oh the right, and 
. from below, on the left. • ■' • 



.) 



WS shall graph thTs equation in a way which may be nev to you ? «by addition 

\ 1 * 

' of ordinates . You can draw fairly accuQftrfce graphs of y»»'x and y = - 

with almost no effort. Do so, with respect to the same axes. Then, for eftch 

of a number of different values of x*», add the y-coordinates of the points on' 

* the two curves with that x-coordinate. *The result is the y-coordinat* of the - 

1 * J 

' corresponding point on the graph of y - x + - . The addition can be* done 

•V> ' '* 

. using marks on the edge of a. piece of paper, but you must pay attention to the 

algebraic signs # The sketch below illustrates -tfR^rocess. 
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Figure 6-11 
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2. 



suggest this sequence of steps: 

Draw the familiar curves (J) and (f) . 

At* several points along the x-axis erect perpendiculars to meet the 

r 

"two curves* In Figure 6-11 the ordinate segments, a > b , c , were 

l f ■ ■' r 

found this way at x = t, x«l,x = 2 , (We shall refer to 

these ordinate segments simply as the ordinates.) 

9 

Add the corresponding ordinates for the two curves with due 
regard to sign. In Figure 6-11, a ,. the ordinate at * 

1 ''-■•■ . • * 
x « — 1b raised to a* above the hyperbola; b is raised to 

b f above the hyperbola; c is raised to e r above the line? 

and so on. 

Connect the new points thus found, to get the new qjtirve. 



Example 2(a) . Sketch the graph of - y = x + 2 . 
Example 2(b) Sketch the graph of y = sin *x - 3 . 
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\ . Figure 6-12 \ 

Solution 2(a) . Draw the familiar graphs of y 1 = x , indicated by 
i • - 

' Q. in #* figure and of y g = 2 , indicated by © in the figure. Then 

"raise" every point of <l) 2 units, as indicated by the dashed lines, to get 

the graph (§) of y = y, + y _ « x -*- 2 . 

221 ' 2? 7 * 
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* » 2(b) The solution should he tleax from the figure and is left to the 
student* - , 

The process of graphing by subtraction of ordinatea is related to the 
process of graphing y - -f (x) from the graph of ' y - f(x) . *he discussion 
of synnetry in the previous section indicates inmediately that these two 
graphs are syflsietric images of eaeh other with respect to the x-axLs. That ■ 
is, the graph of y * -f(x) is the reflection of the graph of ' y « f(x) , 
with respect to the x-saxia, 



.- ■ 2 

Example 3(a) . Sketch the graph of y * - x . 

Example 3(h) . Sketch the graph of # y » - cos x 

* 

Solution: (Kefer to Figure 6-13) 




y s.eotx 



• » 



• Figure 6-13 

3(a) Construct the familiar graph Q of y - x 2 ; then extend the ordinal 
of each point of ® down its own length through the x-axis to get the ■ 
reflected points, whiSi we connect to obi^p the solution, (§) . 



3(h) The solution, indicated in Figure £-13, is left ^p the, class. 

We may now sket\h ffraP 115 *V subtracting ordinates, since, if y 
• y = f(x) - g(x) , then y"= f(x) + <-g(x)) . 
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Example Ma) . Sketch the graph of y « 3 - x • 
Example 4(b) . Sfcetch the graph, of y <■ 1 - sin x 

t 

m 

Solution Ma). {Refer to Figure 6-lk). 







Figure" 6-14 



We suggest these steps; 



(1) Draw the familiar graphs © s y 1 - x , and Q) y^ - 3 

(2) Reflect © with respect to the x-axls to get. (f) '• y' 2 " 



-x 



(3) Add the ordinates for © and @ to get (§) : y » 3 - x . 

Mb last step is equivalent to adding . 3 units to each ordinate of 
(D, as indicated on the -graph. , ' „ 

We may extend these graphical methods to the multiplication of ordinates. 
We have already done this in some cases but not with this terminology. The 
graph of y - 2 sin x illustrates a simple application of this ^method. We 
compare this .graph with the graph of y. * sin x and recognize that when 

y » then y =.0; when y, > then y > f and when - y ± < , then 

y < * We Just draw the graph of y. = sin x , and double the ordinates Jo 
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find corresponding ordinates for y = 2 sin x . It Is as If the graph were 
stretched, vertically, away fros the x-axis. 

■'# 

Example 5(a) . Sketch the graph of y « 2 sin x . 

* 
Examp le 5(b) . Sketch the graph of y ■= 2x -~*V • 

1 < h - 




2v * 



y = Ztin x 




» 2x*- 8 

y«2(x*-4) 



Figure 6-15 



1 r ; 



Solution 5(a) . We sketch the familiar graphs© : y^ «* sin x , then 

double each ordinate of (D to get the graph, © : y » 2 sin x . Bote that 

■ ■ * 

"for < x < * we have < y 1 < 1 , therefore < 2y x < 2 . , ^hus (D is 

bounded between 2 and -2 . If, more generally, y = a sin x , then y 

is bounded between {aj and -|a| . , In this case |a| is called the 

amplitude of this sine curve, it is the measure of the maximum departure 

of points of the curve from the x-axis, and. has important physical applications. 

Solution 5(b) . We have illustrated the sequence of graphs: , ■ 
© : y, » x 2 j (§) ; y 2 »x 2 -^j@; y = 2(x - U> . We could have found 
the same graph with the sequence © : y x - x ; (§) : ¥ 3 " 2x > 
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(2) : y » 2x - 4 . We leave the details to the Student. 



We iftay in general relate the graph of ( jP = bf(x-) to that of y. = f(x) 

if b is a constant. Both graphs cross the x-axis at the same points. If 
b > then both graphs are above or belofr the x-axis together . If b < 
then the graphs of y « -bf(x) and y. = f (x) are together above or below 

the x-axis. In this latter case we graph y« =■ |b| f(x) , then reflect this 

« v 

graph in the x-axis to get the graph of y = bf (x> . 



Example 6(a) . Sketch the graph of y = -»2x . 
, Tfrmniple 6(b) . Sketch the graph of -3 sin x . 



* 




C 



Figure 6-16 



^ 



Solution 6 



6(a) . Sketch the familiar curve © ; y = x . Double the 
©rdinates, which in this case are all non-negative - , to get (g) : y = 2x . 

N Finally reflect (g) in the x-axis to get © J y = -2x 2 . 

Solution 6(b) . We leave the solution. to the student. Bote that in 

Example 6(a) we could have used the sequence y = x *; y_ = -x , y = -2x 

Th&t is we could have' reflected, then stretched to get the final curve, in 
both 6(a) and 6(b) . We leave these details to the student. 



^ 
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Our final eases concern multtiaicatlon of ordinateajki-tb variable factors. 
Biese are the most difficult, the Boat interesting, and the aost useful of 
I * the applications of these methods of graphing by ccnkimtions of orAfcnates. .•:;-. 

2 
Example ?. Stetch the graph of y - x - x . 

Solution. 



/ 



/"' / 








<D 






^ r/i r r-- 



Figure 6-17 



^ 






We could sketch the graph by- subtraction of ordinates hut we choose to 
illustrate the method of graphing by multiplication of ordinates. Thus 
y = x(x - l) , and we draw the graphs ® : y ± = x , and © : y 2 - x - 1 ; 
two parallel line's. When x < then ^ aA y 2 are both negative and , 
their product, y , is positive. If x < and decreasing then y is j 

positive and increasing, and corresponding points Of S are in the 
third quadrant V . * 

Since y » y y , clearly y must equal zero when either y x or y g 
equals zero, thus the graph S intersects the x-axis at A and B . Between 
and A we have < x < 1 , "with ®^above and (g> below the x-axis. In 
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this Interval y. > , y < and therefore y < & 'a*id the? graph is below 
the x-axis. Between *A and B we have 1 < x < 2 




'•both y. and y 



positive, therefore y > . The graph indicates that sl&se (Q and (§) are 
above the x-ex£js then (§). must be also. However in that 



m 



^s< 



o < y 2 < i 



therefore y^y-, is a proper fractional part of y. , thus yk y^v. < y • 5 

'• v ■ • - 
therefore (g) 1b above © but below (J) . « ■•'*\ > 

As x increases beyond B we have x > 1 , y. and -y positive and 

Increasing, and y increasing even mo»e^xapidly, thus (§) is above both' 
© and ©. * * ■ V . 

We have taken this time to discuss the graph of/ what is, after all, ..>. 



^ 



only a parabola, because the analysis and method will help in more difficult 
and unfamiliar situations. 

Example .8. Sketch the graph of y = .lx sin x . 



V 



Solution . We are familiar with the graphs of y, = .lx , and y - sin x 
Since sin x is a bounded periodic function of x we have |y | < 1 and 
|y | £ j.lxj . The graph of this last condition is the pair of lines ® and 
(§) in .Figure 6-l8. 




; Figure 6-l8 
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We have compressed the scale along the x-axis for the purpose of getting 
enough of the graph on the page to illustrate the discussion. 

When x > , all points of the graph lie within, or on the boundary of 
the angular region formed by the right naif -Unas, of Q and (f). Since 
y s y y , then y wiH equal zero when either y x or y g equals aero, y^ 

is zero only at the origin, but y p is zero at integral multiples of «\ . 

Also, when y_ « 1 we have y => .lx and when y 2 = -1 we have y ■ -{Lx , 

which means that the graph (§) will touch alternately the lines 1 and 2 

at points where x = £,4r,^,.«.« 



We leave the rest of the discussion of this graph to the student but 
mention an Important application. ■ , 

If we consider how the graph of y g * sin x is changed by the variable 

factor y. » .lx , we may think of the amplitude of y g , as' changed by this 

variable factor* ^p this example we may say that the amplitude of sin x is 
increasing linearly. If wb had y «= f(x) sin x then we also have 'a sine 

wave whose amplitude is being changed or constrained by the~"variable factor ^ 
f (x) . The graph of y_ would be constrained by the symmetric curves: 

y = f (x) and y = -f (x) and would oscillate between thea, touching them 

alternately when x«» j 3« » 5« ( •<• , as before. 

» 
This systematic changing of the amplitude is called arglitude modulation 

and is the basis for AM radio reception. A typical -equation here would be 

y » sin lOOOst Bin lOOOOOOnt . 

,, This graph would shov a rapidly oscillating curve (the carrier or 
radio frequency, or BF wave) modulated by a less rapidly oscillating curve < 
(the signal, : or audio frequency, or AF wave). 




Figure 6-19 
This sketch, not tp scale, Illustrates the idea. 
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The methods Just discussed, for relating graphs of equations to graphs 
of morV familiar equations by combining ordlnates are called by some authors, 
campoakion of ordlnates. We apply similar techniques in polar graphs in some 
examples later. . , 

We consider now some further examples of graphs of equations An rectangular 
coordinates. 

Example £_• Ux 2 - 9y 2 + 8x + 36y + ^ « -0 . From this equation it is not 
obvious whether the curve 1b symmetric with respect to any point or line, or 
whether it has any asymptotes. Nor can we easily see what parts of the plane 
it does or does not enter. We can f ind x as many points on it as we have, the 
patience for, -since picking a value for x gives us a quadratic equation for 

y • 

The sensible approach, however, is to use a trick you learned in algebras 
complete the square in %. and y . We get 

. , Mx 2 + a + 1) - 9(y 2 - u y + U) = -k + k - 36 

These numerators are related to distances from the lines y - 2 and 
x - -1 , and we might expect a considerable simplification, in the discussion 
of this graph if we had new coordinates based on these lines as axes. Such 
transformations are carried out more generally in Chapter 10, but we show 
the derails here in order to continue with our discussion of the graph. 
If we let u = x + 1 and v = y - 2" the equation becomes 

* 2 2 
v u 



(1) • T-t- 1 ' 

This equation ^ considerably easier „to haadle, and is recognised as 
an equation of a hyperbola. Xou know something^ /about hyperbolas, bj£t we ' . 
continue with our general approach so tHatf after you have seen it work in 
familiar situations you may be able to use it in unfamiliar ones. 

The ^raph is symmetric with respect to both new axes, and hence with 
respect to the origin. 'If ve solve (l) for v in terms of u we get 
v ~ ± - vu 2 + 9 . r This makes it clear that for a large, positive value of u , 

the two values of v are one large and positive, the other large and negative, 
(l) also shows that if (u,v) is any point on the graph, then |v| £2 . For 
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u 2 ^ u 8 V 2 

-5- £ , and since -r- - ^- = 1 , -V- £ 1 . Ifljue no point of the graph lies 

4 

above v = -2 and below v = 2 . ' * v 

How let us consider the part of tfhe curve which lies in the first quadrant. 
For this we can use the equation , ' 



2/i 



2 + 9 



where u > . It seems almpst obvious that when u is large, v is very 

nearly equal to -^u . We can confirm this guess quite simply. Clearly 

2 2 

v > -tu t so let u% consider v - -s-u, , in the hope that we can prove it ap- 



proaches as u grows very large. \ , 



2. 2/2 . n 2 
V -3 U = T U +9 "3 U 



§</u 2 + 9 - u)" 

2( /u 2 + 9 + uj(ttt 2 .+ 9 - u) 
Vu + 9 + u 

2 u 2 + 9 - u ^ 

3 /^ 

/u + 9 + u 



( 



/u + 9 + u 



By taking large enough values of u we can make v - rru as near to zero 

as we like. 1&us we have shown that in the first quadrant, the graph lies 

above the line v » r|u but arbitrarily close to it for large enough « u . In 

2 • 

other words, v = -r-u is an asymptote of the curve. By similar arguments we 

p 
can show that v = ^u is also asymptotic to the part of the curve in the 

"2 
third quadrant, and that v = - ^u is asymptotic to the parts of the curve 

in the second and fourth quadrants. , 
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The results above have been stated in terse of the new coordinates. aery 
4 eaa easily bo restated in terms o\£.the old. For example, the asymptotes are 

the lines y - 2 - _ ^(* + 1) . 

Finaliy we consider the intercepts. Setting u,.*0 la (l) we get 

2 -x /" ■ 

5- - 1 , so- the v-intercepts are 2 and ^2J Setting v - we get 

- — ■ 1 which has no solution. Hence, the curve does not intersect the 

u-axis. The x- and y- intercepts can be found by the aaae sort of procedure, 
but since we are chiefly interested* in sketching the curve, let's not bother 
with them. * * 




Figure 6-20 

* - 

The hyperbola is sketched above. Notice that we can drav a fairly 
accurate graph without finding the coordinates of any points bufc the vertices. 
(What are the vertices of a hyperbola?) 



<. 
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When you fl£st studied the hyperbola you learned that the asymptotes of 
the hyperbola 

I ' ' / ' _2 



X^ 3r 4 

"I" fa" 1 
a b 



are given hj the equation 



.£. 



2 v2 
a b 



Shi's is an illustration of a principle which is sometimes useful In sketching 
loci. It can be expressed loosely- in the following way. If 
f(x,y) - g(x,y) • h(x,y) , the graph of f(x,y) = is the union of the 
graphs of g(x,y) ■■ Imd h(x,y) - , Xhus since 



x 2 - y 2 - x + 5y - 6 - (x - y + 2)<x + y - 3) . 



the grtaph of 



x 2 - y 2 - x + 57 - 6 - 
Is the pair of the Unas which are the graphs of 



and 



-i,j§$$m 



x - y + 2 • 



x + y - 3 a "0 . 



Before trying to prove the principle we had better find out more, accu- t 
rately.vhat it says. Let*s "factor" x + y : 

x + y - (x 2 - y 2 } 1 ' 



x - y 



.. Unfortunately , the graph of 



is a line, the graph of 



is two 



lines, while th® 



x + y = 

■ > 

r - t - c 



graph of 



is the null sex. 



x - y 



( 
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The difficulty lies in the notion, of factoring, f&en we speak of factor- 
ing tTpositiva integer, we mean expressing it qb the product of two smaller 
* positive integers . »ien we speak of factoring af polynomial, ve mean expressing 
it as the. product of two polynomials each of lover dagrejtf"than the given poly- 
nomial and having coefficients of some specified type (say rational numbers). 
There is no such agreement as to what it means to factor an arbitrary function. 
Eby-our present purposes it is enough to say that we have a factorisation of 
f(x,y) if, for every (x,y) in the domain of f , 

■/ fU,y) - gU,y) *h(x,y) . 

Of course, this allows uninteresting factorisations like 

2 ' 2 , , 2 ,_ 2. • 
x + y = 1* (x + y ) 

but it excludes the sort of thing that got us into trouble above, since 

x + y is defined for every x and y , while x _ is not defined if 

With this interpretation of "factor" we can state the principle referred 
\ 

( 



to above. ^ 



THEOHBl 6*1 ^ If f(xjv) has the factorisation 

* f(x,y) = g(x,y) • h(x,y) . 

The graph of f(x,y) = is the union of the graphs of g(x,y) - 

and h(x,y) » . 

I 

Proof: The point (a,b) is on the graph of 








f(x,y) - 


if, and only if, 


- 


* 


f(a,b) = . 


But 


f(a,b) =■ g(a,b) • h(a*bl 


and hence 




^ 


f(a,b) =0 


if, and only if 


« 


* 


g(a,b) =■ 


• 
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or 

■ . ' h(a,fc) « 

that is, if, and only if, (a,fc) lies on the graph of 

g(x*y) • V 
or the graph of ' 

I h(x,y) - o . 



.v 



< 



Example ;yg. The graph of 

(y,- x + 4)(x 2 + ky 2 - 2x + l6y + 13) - 



is made up of ihe graph of 



y - x *■ 2 «« 



and the graph of 



x 2 + l*y 2 - 2x + l6y + 13 o-O 



The former is a straight -line. If. we rewrite the equation of the latter in 

the form .> , 

< 

we see' that it is an ellipse, with center (1,-2) ,* symmetric about the lines 

x =-1 

and- 
V 

y "= -2 . 

and with major and minor axes of lengths k and 2 , respectively. Both 
graphs are sketched below.' - 




3 



' * .''... 6 " 3 

" «I-f we are* given two parametric equations for a locus in a plane, there 
are two methods of sketching the locus (unless the equations are too compli- 
eated) . We- can eliminate the, parameter between the two equations and graph 
the resulting equation in X and y t or we can choose some values of the 
parameter, compute the corresponding values of x and y , and draw a curve 
through the points thus determined. We illustrate both, methods in the next 
example. 



(1) 



Example 11. Draw the graph^-of the parametric equations 

2 ■ , k ( - 

x = -ktr - 2 } y = kt . 



Solution. First let»s eliminate the parameter and graph the resulting 



2 x 

equation. From the first equation we find that 2t = *■ 



+ 2 



Substituting 



this in the second equation gives 
/ 



(2) 



y = $U-+2) 2 _. 



The graph" of (2) is a parabola. It is sketched below. 




-3 S -4 "* 



Figure 6-22 
Now let's use the second method described above. The table below shows 
the results' of our computations. 



X 



We notice at once that we have found no values of x smaller, than -2 . It 
would, be natural to Jump to the conclusion that we had chosen the values cjf 

t foolishly, but that is not the explanation. Since^ x = ht - 2 and ■ 

lit 2 > , it follows that x > -2 f\?x every point .on the graph. The trouble 



t 


-2 


-l 





1 


V 


X 


14 


2 


-2 


2 


Ik ■ 


y 


6k 


k 





k 
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is that Equations (1) and (2) are simply not equivalent. The graph of (l) 
is half a parabola. It is the intersection of the graphs of (2) and the , 
ility x > -2. • If &$>u look' back over our reasoning you will see it 
#» proves lshat the locus of (l) is contained in the locus of (2) , but it does 
not pro^Vedrar^ identical. ' ' >' ' v 

, ■ Obviously the elimination of t was not as harmless an operation as it 
looked and. we must study It more carefully. a At a certain point wb found from 

2 x + 2 • 

the first equation in (l) that 2t '= — rg — . Then ve squared, getting^ the 

k (x + 2^ 
equation Ut = ^"* V- " * • These two are not equivalent, since in#the first, 

x > -2 while the second puts no restriction on x . This is no surprise 
since the same sort of thing comes up in the solution of equations involving 
radicals. In future ve shall be careful not to square, or divide by zero, or 
do anything else of that sort when eliminating a parameter, and then perhaps 

we'll not get into trouble as we did above. Unfortunately it isn't that simple. 

• . ■ 

* Example 12 . ' What locus is represented by the parametric equations - 

(3) _x = sin t y«sint? . " ."'"'...■ 

• " ■, 
Solution . Eliminating t in the only sensible way gives the agnation, 
y = x . The graph of this is a line, while the locus of (3) is the Segment '' 
determined by (-i,-l) and ;i(l,l). Equations (3) are an analytic bomUt ion • ' 
for a .segment stated without inequalities. .'*.'?. 

^ V There is no simple way out of this difficulty, and we end our discussion 
with the warning that when you eliminate the parameter from a pair o£ para- . . '-« 
metric equations for a curve, you must then check to see whether the locus of •, 
the resulting equation is the locus of the' original pair of equations . 

The nature of the parameter may impose certain natural restrictions * or 
bounds on the values of« the variables insjolvec!. In some problems we may' wish 
to impose such restrictions, and in that case we have, not a difficulty, but 
a special tool. It is important that we learn the uses and limitations of •■• ' 
our tools, so thatj^we do not try tc#use a screwdriver to drive nails.- 

All the analytic conditions we have considered so far in this section' 
have been equations . Our last two examples deal with inequalities . , • ' 
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Example 13. Msucss and sketch the locus of the inequality 

.2x - 3y + » < . 

j : . ■' « . ...... . ■.-.. • ; .■■ 

Solution . We shall use single arguments about inequalities. Suppose 
(xl.,7 ) is on the line 2x - 3y + **« G * so that 's^ - 3y Q + * - - 

Kov consider a point (x^y^ , with y 1 > y Q . iTben 3y x > 3y Q and 

2*>-^r + 4 < 2Xq - 3y + ■* ■ - Thus U^yp is a point of the locus. 

Similarly, if y 2 < y Q , 2Xq - 3y 2 + 4 > and (x^yg) is- not a point of 

the locus. Thus any jfoint directly above a point of the line is in the locus, 
while any point directly below a point of the Une is not. 'Therefore the -locus 
is the half -plane indicated below. 




> 



Figure 6-23 



/ 



Baaaspie 14. Iftscuss and sketch the locus - of the inequality* 



W 



2x - 8oc - y:+ 7 > 



Solution . By completing the /square we can rewrite this inequality in the 
form, f . 1 



/. 



2(x --2r - y - 1 >o . 
Bow suppose 2(xq - 2)' 2 - y<) - 1 ■- . If y 1 <y Q then "' * 
2(x Q - 2) 2 - y, - 1 > . Thus if (* ty Q ) is on the graph of the equation 



/ 



(5)- 



2(x - .2) - y + 1 = 



\ 
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and y 1 < y_ , we see that (x.,y ) i«,«t point of our locus.; j$y a similar 

argvsasBtf ve can^how thaftif y g > y Q , then (x-^y-) is not a point of our 

locus. Bius our locus is the set of points below or on the parabola repre- 
sented by Equation (5). • It, or rather some of it, is shaded In $he sketch 
below, •. 



N 





c*' 



Figure 6-2% 



Exercises 6-3 

In these exercises discuss and "Sketch the graphs of the -conditions 
given. In your discussion ybu may find it useful to consider symmetry, 
extent, periodicity, intercepts, and asymptotes. .Iftien the condition is a 
pair of parametric equations, eliminate the parameter if you can, but be sure 
then to indicate any restriction^ on the values of the variables. * ^J 

1. y .-.- 2 



r. 



2. 


y = -3 


3- 


X = -1 


4.> 


x = h 


5. 


y » -x + 3 


6. 


y = 2x - 1 


7- 


x - 2y + 3 = 


8. 


2x + 3y - 5 = 


9. 


* . X = l 
2 3 
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10. 

u. 


r r 

x- 1 - 2t , y-2 *3t 


12. 


x - at , y - -2 - t 


13. 


x 2 + y 2 - lw + 2y * k - o 


lV. 


x 2 + y 2 + 2x - 3 - 0' 


15- 


x 2 + y^ + 2x.« 2y +* 2 - 


16. 


y 2 - x(x - 2)(x - 3) 


17. 


x 2 - (y + l)h - l)(y - k) 


18. 


xy - 2y - x » ' 


19. 


y - sin 2x * 


20. 


x » sin y ' 


21. 


y -^a^sln x 


/22. 


x » cos y 


23. 


y ■ 1 ■+ oos x 


2*. 


y - tan 2x- 


25. 


y-2* ) 


26. 


y - 2~ X 


27. 


2 
y-2 36 


28. 


y * T 


29. 


y = in x (Bote: This 


30. 


p 
y * £a x (See above.) 


31. 


y - logg x 


32/ 


x = t 2 + 1 , y - 5t 2 + k 


33. 


x ■ •£ t y ■ 3t 



<& 



■r.v 






34. x ■ 2 cos $ i y = 2 sin $ 

35. x = 2 cob * , y <* 4 sin * 

3 3 

36. x .- 3 cob , y = 3 sin $ 

' 2 ■ ■ 2 

37. x » sin $ , y = cos $ 

38. .x = b^c e t y - tan 

39. y > x 2 



1*0. | 



£ + £<l i5 . 
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kl. 


y « : -2aE- 1 *y + 2<0 


kz. 


g 8 + v 8 + 2& + 6y + 9 yp 


*3. 


/ - x3 • ' 


kk. 


^t^-V-o '■ 


U5. 


x^ +. xy - 3x + y «• 


k6. 


x y + % ~ x ■ 


*7. 
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6 "^* ( ^ ra P hs ana Conditions (Balar Coordinates) 



In this section wo discuss the problem, of sketching the graphs of 
analytic conditions in polar coordinates. Ihe most iaportant»such c ond i t i o n s 
axe equations, ana v» ghall confine our attention to this ease except for a 
few exercises* , 

The a»st straightforward vay to draw the graph of an equation in polar" 
coordinates is to plot a msnber of points of-the locus and draw a curve through 
them. If the equation has the form r - t(9) , we can construct a table giv- 
ing the values of r corresponding to a masker of values of • 9 . Ho setter 
how many points we plot, there always remains the question of how the curve . 
behaves elsewhere, that is, between the points we have plotted. If the 
equation is not too complicated, we can get a good deal of information by 
studying the functions involved. 

As was the case for equations in rectangular coordinates, we can often 
get useful information about the curve by considering symmetry and extent. 
Asymptotes of curves given by equations in polar coordinates are not easy to 
find from the equations, and we shall not discuss the. probleaA However, if 
the curve has a fairly simple equation in rectangular coordinates, we may be 
able to find its asymptotes by studying that. 

As you know, given a polar coordinate system in a plane, each point has - 
infinitely many pairs' Of coordinates. This fact gives rise to certain diffi- 
culties that we have already met in Chapter 5 but we now consider them in 
greater detail. As in the previous section we shall develop additional 
theory and useful methods of approach in our discussion of a number of 
■ examples. 
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Exaapla 1. Sketch and discus b the graph of the ^qjwfelon r - 2 cos . 

Solution. Strictly speaking, we should state explicitly, that r and 
are to be interpreted as polar coordinates, tfe shall not do so In the rest ! 
of thia section, since there is no danger of ambiguity. 

Since |eos e| < 1 for all , the graph is hounded. Since 
cos (-0) - cos for all , if the point (r Q ,e^> Is on the graph, so is - 

the point (r ,«6L) • Bras tae &*& ^ syfltaetric with respect to tiie line 
^rvt-f-tyiing "the polar axis. It is also syssetric vith respect to the point 
(1,0) , but it is such easier to show this by using an equation in rectangular 
coordinates for the locus. H&e table below shows the values of r 
corresponding to several values of • The cosine function has period 2k , 
so any 9- interval of length 2s will do. 
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The graph is sketched below. 




(-ZWJ 



J (-8. O) 



*■ 

•* Figure 6-25 

,It looks like a circle (probahly because it was drawn with a compass), hut 
all we know so far, even if we make use of our knowledge of the cosine func- 
tion, is that it is roughly circular. 
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That the graph really is a circle can be proved, as follows . The graph of 



r = 2r cos • is the sane as the graph of ' x «■ 2 cob 6 . For the only points 
that might he on the former hut not on the latter are points with t « f and 
the origin, which is on the latter, is the only such point. If we take a 
rectangular coordinate system with its axes in^the usual positions with re- 
spect to the polar axis, we find that* the graph has the equation 

2 2 
x + y « 2x . 



Example 2* Sketch and discuss the graph of the equation r' ; -« sin 3d'. 

Solution. .This graph, too, is hounded, since |sin 3 S| < 1 for,all 
6 . Whether there is a point or line about which the graph is symmetric is 
not obvious from the equation, so we postpone the discussion of symmetry till 



we have sketched the graph* It will prove nothing but it will 'suggest what. 
is probably true. The table below shows the values of r corresponding to a 
number of values of Br. If we needed a fairly accurate graph of the equation 
we would have to consider more values of S , but since 'we- know how sin 3 6 
varies with , this table will do. 
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Figure 6-26 

The sketch suggests there Is symmetry about each of the lines 9 = -r , 
v 9 

» ^ , and 6 =» 4r . Let us check the first of these conjectures . If we 
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wish to compare f(g + a) and f(^ - d) . we obtain in the first case 

r e sin 3(7 + a) and In the second case r e sin 3(? - a) . These become 

r = sin(i + 3a) , and, r = sin(§ -» 3a) j which In turn become r « cos 3a 

and r *= cos 3a . The identity of these equations establishes the symmetry 
we were checking. The same method can be used ta deal with the other lines. 
The graph is not symmetric about any point, but we shall not prove this. 

t 
Example 3_. Sketch and discuss the graph of the equation r = 1 - 2 sin & . 

m ■ / '■ 

Solution . Once more the graph is bounded, and we jftstpone the discussion % 

of symmetry until below. 

■ 

This time we shall sketch the graph without making a table, introducing 
first an auxiliary graph of a kind that is often useful in graphing polar 
equations. This auxiliary graph is the graph of the equation y =.1 - 2 sin x, 
drawn on a plane with it rectangular coordinate system. We have learned to do 
this readily by the .addition and multiplication of ordinates, as shown in 

m 

Section 6-3, and illustrated below for the values^ < x < 2* . For the 
purpose of illustrating certain details of the discussion. we will sometimes 
use different scales on the" axes in tne graphs in this section. 
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We suggest the following sequence: 

(1) Sketch; the familiar curve (J) : y » sin x . 

(2) Expand © away from the x-axLs to get © : . y «= 2 ainjc . 

* ■ ■■ * • > • 

(3) Reflect (|) in 1&e x-axte to get (|) ; y « -2 sin x » 

(U> Raise (|) 1 unit to get our graph: y = 1 - 2 sin x . . \ 

We nov use this granhof the equation y ■ 1 - 2 sin x to give us 
coordinates of points of thV polar graph of r ■ 1 - 2 sin 9 , and obtain the 
polar gra^fc given in Figure 6*28. 



~7 




<*.#) 



Figure 6-28 

This curve is called a limacon. We have indicated with the same ietters 
corresponding points on the two graphs. Bote Ihat the lack of a unique polar 
representation of a. point is shown in the fact that points P and Q of, 
Figure 6-27 (and infinitely many more not shown) all correspond to point *T 
of Figure 6-28. Also, points A and E .of Figure 6-27 («and infinitely a*ny 
more not shown) all correspond to point A of Figure 6-28. The inverted ■ 
arch below the x-axis of Figure 6-27 corresponds to the small-inside loop of 
Figure 6-28, ' ■ 

Figure 6-28 suggests that the graph is symmetric about the line through 
the pole perpendicular to the polar axis, that is, the line for which one 

equation is 6 = | . We check this by comparing f(~ - a) and f(^ + a) . , 

In the first case r = 1 - 2 sin(£ - a) end in the second case 

r = 1 - 2 sin(^*+ a) . £n both cases we obtain from familiar trigonometric 

relationships r = 1 - 2 cos a. which means that the two case's give' equivalent 

' « «— ■ . 

equations, and the symmetry is proved. 
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Finally, the related polar equation is ' r <= -(1 - 2 sin(S + *))= 

-(1 + 2 sin B) . To show that the polar, graph of this equation is the ease 

llmacon as the one we obtained in Figure 6-28, ve use a method similar to the 

method of addition of ordinates for graphs in rectangular coordiaates. 3he 

method, called addition of radii, which may be new to you, is useful in 

sketching, certain new graphs related to familiar ones. 

I' 
We hare seen earlier that the polar graph 0f r . ■ 2 sin 6 is a circle 

of radius 1 , with its center at (l, f) indicated as © in Figure 6-29U& ' 

Consider a number of rays drawn from to points of this circle, OE^ , Qf^ , 



0?_ ', ... . Find points ^ , Qg,, 0^ , 
dCF^) = d(F^Qg) = dCF^^) , 



• •• j 



, on these respective rays, so that 
='1 , as shown in Figure 6-29(a) , 



which shows thtf graph of r = 1 + 2 sin 9 . 




Figure 6- 29(a) 




Figure' 6^29(0) 



Note that when k < < ^ we have > 2 sin 9 > -2 , therefore 

1 > (l + 2 ein 6) > -1 , and the Q points'of Figure 6-29U) are on the 
right half of the inside loop of the^graph. In the ease way when f 

4£ < e < 2n we get the rest of the inside loop. 

s 

Thus* the locus^of all the Q points is the graph marked (§) which is 
a liinacon .whose polar representation is r s = 1 + 2 sin 8 . OSiis process of 
using the P points to find the Q points and the graph © Is called the 
addition of radii. . 
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Since we want the graph of r ■ -(l + sin ©) we now find the eyisnetrlc 
image of (g) with respect to the pole. It is graph @ which we recognise 
as the same jftsacon as in Figure 5-28. 

Bx&qnle k. Discuss and sketch the graph of the equation r - ^ - - . 



Solution . Diis graph is not bounded, since r can be made arbitrarily 
large by picking so that ein0 is sufficiently close to -1 . Bjr the 
method used in Examples 2 and 3 we find the graph is syiaaetrlc about the-' 
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Figure 6-30 



2x 



Bie sketch suggests the graph may he a parabola. .Ihat'it is may be shown 
as follows. Hie equation 



X 



2* s 



1 + sin 
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is equivalent to the equation 

' ' ' ' - * 

r + r sin - 1 • 
. \ ...'■" 

If ve introduce a rectangular coordinate system with its axes located as 

usual, „the graph has the equation 

A 2 + y 2 = 1 - y . . 
' tyta is an equation of the parabola consisting of all points as far from the 

origin as they are from the line y - 1 . 

* 

* ,- 
_\^ Exercises 6-k 

In each of the exercises below, discuss end sketch the graph of the 
condition given. In your discussion, consider Whatever geometric properties ,. 
you can infer from the equations. Write the related polar equation' for each. 
If you can, find a^8esn*dition in rectangular coordinates for the same locus and 

Identify the^ioeus. ": . . 

..*■*" • * 

..*■*'"" " i 

...!•*'' r ■» 3 

...-""" 2. r = -2 * f * 

■ 3. e «§ v 

5. r ■ 3 sin 8 * . 

6.' r = sin 2 9 

„7» r = cos 2 ■ 

8. r = sin 5 & 

9» r cos » -3 

10. r cos (8 -^) «= 3^ 

3 « 

1 - cos 9 



11. r ■= ^ 



*• r = k - I cos 6 -. *' . 

13. r = 2(1 + sin 8) 

14. r = 2 tan 9 . (There are vertical asymptotes; try to find then.) 

k f 

15. r » ^ • .^ ■ 

16. r = 2 cos, 8-1 

17. r = 2 - 3 cos ■ , 

18. r - 2 + sin 8 



* 
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js : ' 
%' ■ 
\ 

2 ■■''••''■ 

19. r •» cos 2 & ' 

20. r 2 ■■■» V.altt.2 6 

21. r - fc tan 9 sec 

22. r - 2(1 + 8inr S 0) 



**" r 1 + cod 9 - 

2k. x<2 

25. jr| <2 
26* 2<r<3 

« V 

... * 

27. < 9<f 

28* < e< J', *■ >o 



6 -5 • Intersectioaa of graphs (Bej^mpylT Cocrrdlo&tes) ^ 

Die intersection of two sets is tie collection of objects that belong to 
both the setts. How the. graph of the equation f(x,y) >0 la the sejfcof points 
whose coordinates satisfy the equation, jpe. {(x,y) : f(x,y) - 0} .* Banco the 
intersection of the graphs of. f(x,y) - and g{x,y) - is the set of 
points whose coordinates satisfy both equations, i.e. {(x,y) « f(x,y) • 
and g(x,y) » Oj . If f and g are linear functions, the intersection of 
the graphs of f(x,y) - and g(x,y) ^0 is the set of points wb4.eh lie on 
two lines, in other words the intersection of the two lines. In general, the . 
intersection of the graphs of f(x,y) «= and g(x,y) = is found by solving 
the two equations simultaneously* , ' 

Example 1, The intersection of the lines with aquations x - 2y - 1 = 
and x '+ y"» 2 is the point (*, -3-) . ' 



* 



Example 2. The intersection of the lines with equations* x - 2y - 1 » 
and "2x + ky-3*0 is the null set. In other words, the lines are parlallel. 

Example 3_« • She intersection of the graphs of y ■ sin x and y = eas x 
is a. bit harder to find. At each point (x,y) where the curves intersect! we 



have sin-fc ■ cos x . Urns x =■ § + k* , where k is an integer, Ofcen 
■ * * 
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y-^ when k is even, y - - ^f Aett k Iff odd. BiIb 1m± ffUi 
be written more compactly la & form 'frequently used by mathematicians: 



can 



( -1) -| , where k ' Is an Integer. 



Example k. The inte*sectigm of ^tbe graphs pt X -. 7 + 3 < 6 and 
*2x - xy + ^ > Is the'set of points on, or above the line x - -y + 3 » 
on or below, the < line 2x - y + U & . -It Is the doubly shaded area in 
figure below, and its boundary along ; 'parts of the lines: ' . , * 



and 




- 2#-r-jf+4< 



, * ' Figure 6-31 " . 

The problem of finding the intersection of two graphs can be very compli- 
•csted, and we shall not spend*- muteh more time on it here. However, there is ^ 
another example which is of interest. ^~ 



Example 2 • Find the intersection of x +y - 2x- - ^y - -^ « Q 



-and 



x 2 + y 2 + 2x + 2y - 2 *. • We dould^-fconsider the first equation as a quad- 
ratic equation Jb ! y and use the quadratic formula to express y in tenns 
•> * - 

v I # P * 

of x rf We could-get y = 2 + /8 + 2x-x .^Jfe could then substitute this 



%■ 



In £he second equation and solve for x - (terry the work a bit further so 
"yott wiH appreciate the difficulties.) '. .<■"*•*,■ 



This problem can be solved much more easily by using the principle of 
Tlnfi^r combination^ which you. studied in algebra. Bis system % 



2 



U) 



+ y-2x- 1 *y- 1 *«0' 



it ■+ y * 



2x + 2y 
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* , ■ ■>>■■ " .- ' ''■ -■ V' ' . . ;. 

■ *, '"• *'. ' ^ ■'• ' "•■■ ' • ••■■.' 

ia eqirivalent to the system •"■';' V ' V '; 

a(x 2 '+ y & - 2x r kj - *) ^^^•j? * 2x + 2y - 2) =0 * 

(2* , V- ■ .. . . ' -'■'■ . . ■•'■'■-" 2 o : /-:.' 
."--;■../. •-•>■' ■?;■.'.'. ..■■■■'■. .■*'■'■■:.■, * + 3T + 2x,.i- 2y - 2 - , .- 

as long as a j£ . if a,,»*l and b « 1 , the second system becomes 

(3^ • • * ■ • ■ 

i + jT + 2x + 2y - 2 - . 

,'■■' •■„"•* •'. * 

Nov the .first equation in (3) . is linear. Using it, we can express y in 
terms of x t substitute the result in the second equation, and have left 
nothing worse than .a quadratic equation in x . Hie points of intersection *" 

are (1,-1) and (- §,^j) . V * - 

'This solution has a geometric /interpretation which is worth Investigating. 

t . . ■ 

1 



**^„* 



X~+y*+ f* + 2y-2 




X'+/*-MxV4f-4 -O 



2x + By + 1 »o 



■ Figure 6-32 

The graphs of the equations in (l) are circles. (Hot? can you check this? ) 
They are shown above. How the graph of the first equation in (3) is ajline 
and that equation is a special cas"e of the first equation in (2). But if , 
the coordinates of a, point satisfy the two equations in (I)., they clearly 
satisfy the first equation in -(2) , ao matter «wha€ a and b < are. v Thus the 
graph of the first equation in (3) passes through all points of intersection 
of the two circles and must be the line containing the common chord, which is 
shown In the sketch above. If "a £ -b which implies that a and b are not 
both zero, the first equation in (2) is that of a circle. passing through the 
points of intersection of the two original circles. (As a matter of fact, 
each such circle nay be obtained by some choice of a and b . Can you 

t i 

prove this?)" • • 
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This result can be generalised. If* f(x,y) = and gl*,y; »^e are 
equations of two loci, then the locus of af(x,y) + bg(x,y) « contains the 
^intersection pf the two original loci. For suppose : (*QtY Q ) ' l* e « °n the 

original loci. Then f(x Q ,y ) * , gC^y^ •= 0"' # and hence 

af^^) + hg(xQ,y ) = • (This is true, though not very interesting, even 

linen a » b = 0. ) * 



Exercises 6-5 - ^ 

,In each of the exercises' below, find^the inljersection of the loci de- 
termined by the conditions given. Use both algebraic and geometric methods. 

1. x=*2,x-2y = 2 



2. x-y + l = 0,2x + y-7-0 

3. x + y -. 1 » dj , 2x,+ y = 

k. x - 2y + 3 = ,'"2x + y -»2 = 

5. x.- 2y + 3 ' « , 2x ; - hy + 5 = 

6. x 2 + y 2 = U , y = 2x 

7. x 2 + y 2 = 2 , x .+ y = 



,\ * 



2 .'• 2 



* ,, 



j' 



8. x +'y - 2x + Uy + 5 = O , 3* + y - 1 = 

9. x 2 + y 2 + 2x + 2y - 2 = / f + | - 1 



10. y - hx , x - 2y f 3— 
*L1. l*x 2 - 3y 2 = 1 , x- y = 

-» ■* 

'12. ' -x 2 + 2y 2 *- h , x - y - 1 - 

13. x 2 + y 2 = 11, x 2 + y 2 - 2x - 8 = 

11*. x 2 + y 2 = 15 , 2x 2 "+ y 2 * 2k 



S ■ 



')> 



15. xy . - xy - ky + k = , y » x 

? 2 2 

16.^ x + y = 2 ^ y = x 

« 
17. y-x 2 >Q,y'-x*l<0 
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16V x 2 + y a < k ', x - y 2 >0 



v 
19. x + 2y + 3 < 6 , 3x - y + 5 > , 2x - 3y + 1 < 



6-6. Intersectioh^ gf Loci ( Polar Coordinates) 

In the previous section we discussed the intersection of ^.oci given by 
equations in rectangular coordinates* The method we used works for loci' de- . 
texmined by equations in polar coordinates, but, as ve s h all see, there are* 
added: complications, ' Let us take up first a sisqae case. 

Example 1* Consider the graphs, of r' ; - 1 and r » 2 cos © • They are 
the circles shown below. „ w t 



r~/ / / \ - \r=>2ae0 




Figure €-33 

* ■ *■ 1 K 

Solving the equations simultaneously we get 2 cos 6=1, cos 6 » -x , 6 =» ■*• 

or ^r- * (There are infinitely many other solutions of the equations, g but 
since the sine and cosine functions have .period 2st , we need consider oHy 

solutions with < e < 2s .) Of course, r - 1 . This Is' consistent with 
our sketch. " . 
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Bsamp le 2. Nov consider tha equations r - 2 cos 9 and r - 2 sin 0-< 
Once more their' graphs are circles, which are shown in the figure below. 



r-2S/n& 




r~3ces0 



s 



_ Figure 6-3^ ^ 

There appear to be tvo points of intersection. Let us solve the two equations 
simultaneously and compare our answer with the figure. Setting 

2 cos 9 = 2 sin 9 we find 9 - £ or 2£ . (As before, we need^consider r 

only solutions with «C 9 < 2s*) The first gives r «= Vs , the second 
- r = -V2 . We have not, however, found the two points of intersection shown 
in the figure. We have found two sets of « polar coordinates -for the same point. 
This reminds us. once more that while a rectangular coordinate system in a 
plane is a"one-to-one correspondence between the points in-"the plane and the 
ordered pairs of real numbers', every point in the plane has infinitely many 
diff erent-'pairs of polar coordinates. " % 

This is also the source of our otlfer difficulty. Clearly the pole lies 
on both curves, but our algebraic method did not find this intersection. The 

trouble is that the coordinates r = , 9 = -s satisfy the first equation 

but not the second, while the coordinates r = , 0=0 satisfy the second 
but not the first. Both pairs, of course, represent the pole, whose coordi- 
nates require special comment. If P is any point other than the pole, its 
coordinates,, (r, 9 + f 2rw) , allow infinitely many, but not all numbers' as 
second coordinate. For the pole, however, the coordinates (0,6) allow any 
number as a possible replacement for 6 . Geometrically this means that, if 
there is any for which r = f(8) becomes zero, the graph must contain 
the pole. We have already found in this example that (0,tj) satisfies the 

J 
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first equation, and (0,0) the second, which me&aB that the pole lies on, both 
graphs and is therefore a point of intersection^ 

'This leads to a small but important caution ^hen finding intersections 
of polar graphs of r » f(0) , and r = ,g{0) •' Cheek first to see if each 
graph contains the pole by seeing if there is any 8 for -which r » t ( 8) 
equals .zero, or any $ for which r a g($) equals zero. If both conditions 
can be satisfied, then* whether or not 8 = $ , both graphs centals} the pole, 
whkch is therefore an intersection point. Then you can proceed' -with the 
usual simultaneous solution of the two- equations . • n 



•EynwpVw 3. Find the points of intersection,^©* the graphs of 



r = 



2 + 2 cos 6 



and r » 2 cos 8 + 1 . 



Solution . These graphs, which are related to. some we have discussed 
earlier, are shown below. The pole is on the second graph but not the first, 
hence is not a point of intersection. ' lff 




Figure 6-35 

t 

There appear to be four points of intersection. 

How let us solve the two equations simultaneously. Setting the expres- 
sions for r in the* two equations equal to each other, we get 



•■■ i" 



2 + 2 cos 8 



= 2 cos 9 + 1 



Simplifying, we get 



from which we find that 



k codte +6 cos 0+1 = 



cos'0 = £<-3 t J5) 



( 



6o ■ e*. 
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or \ 

$* ^1.31 or -.19 * ' 

Hie first is a perfectly good root of the quadratic equation for ,cos , hut ' 
it is not a possible value for cos 9 . («iy not?) From a table of values of 
the trigonometric functions ve find that if cos 6 « - .10 , then * 

e « 101° or e « 259 . 



den 

r » .62 . 

.1 

It is clear that we have found the points A and B of thA figure, but what 
about C and D 7 It is not too hard to guess the answer if we remember that 
a polar graph may have other analytic representations. In pur algebraic 
solution we merely equated two of the Infinitely many equivalent polar equa- 
tions available for each" curve. Fortunately* we need hot try thea ail; for 
the purposes 6f the course we can always find all the intersections of two 
polar graphs from the simultaneot^.. solution of an equation of one of thea 
with both of the* related polar eauations Of the otSer. "Che limacon 
r ■> 2 cob + l has the related |jplar equation r t. -(2 cos (©+*)+ 3$ or 
r = 2 cos 6 - 1 . if ve now solve simultaneously the equations 

1 

r .- 2*2 1 coB 9 and rs= 2cos e-l 

we get the coordinates of points C and D in our figure.* "Phey turn Out to 
be approximately, (.3P,h9°) and .(.30,311°) . ^ ' ' 

■Hie difficulty is not a simple one, so we shall take another look at it. 
Consider: ^ 

I (.62,101°) / r = 2, cos 8 + 1 4 

M-.62,28l°) ( r - 2 eos 6 - 1 

We have two pairs of coordinates for the same point, and two equations for 
the same curve.,, lfte first pair of coordinates satisfies the first equation 
but not the second and the second pair of coordinates satisfies the second 
but not the first. This situation should occasion not anxiety but care, and 
is entirely consistent, with our definition of the polar graph of an equation 
as the set of points each of which has some pair of coordinates that satisfy , 
it. ^ 
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Exercises, 6-6 

m each of the exercises below, find the Intersection of . the loci de- 
termined by the conditions given. Write the related polar equation for each, 
* to sake sure you find all points of intersection. Sketch both loci, as a 
check on your algebra. 

2 -" r ° ffsto.e ' e-i35° 



3. r » 2 cos 6 , r = 2 sin 

k. r ■» »os , r = 1 - cos 

% r » cos © f r m sin, 2 

6 r « 1 - sin , Ur sin = 1 

1 
7. r = l + cos0,r« x _ cos e 



6-7. Fandliea of Curves. 



In Section 6-5 *e njentioned the collection of lines' through the inter- 
section of two lines 'and the collection of circle* (and the' line) through the 
intersections of tuo copies. These are exaafeies 6t ifcat are called famUiee 
of curves. OHie collection of all circles in a plane and the collection of aH 
tangents to a parabola are other examples. In this section ve shall proceed 
a bit further vith this topic. 

If a and b are not both zero, then 
(!) * a(x - y +^3) + t>(3x - y +7) «= 

is an equation of a line. through the intersection, P , of 

x - y + 3 « O and 3x - y + 7 » ,. 
Can we choose a Sad b so that the line is vertical?' Yes.' Star if ve let, 
a = 1 and b - -1 , the equation becomes 

-2x - >k » , 

or 

x » -2 . 
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TtxlB is one method you learned in algebra for solving pairs of l ine ar equations^ 
in two unknowns. In a simitar way ve could find the horizontal line through 
the intersection, which is equivalent ,*6 finding the y-coordinate of P . It 
turns out that P «■ (-2,1) , # 

Every line through (-2,1) say fee obtained "by picking a and b 

suitably. For the slope of (l) , if It has one, is ' . jj . If a 
v . a t o 

then (l) has no slope, a fact we noted above in case a ■ 1, b ■ -1 

for any real number <m , a and b may be chosen so that 

» + ?*> J m . * 

a + b . * 

(1Mb Is not obvious. Can you prove it?) , 

Let us look at this family of lines from another point of view. One line 
through- (-2,1) with slope m has an equation * J 

(2) y - 1 - m(x + 2) . . ' , 

For each real value of m we get a line, and different values of m give 
different lines. Thus,, (2) is almost the same family as (l) , the only 
difference being that the line x ■ -2 f since it has no slope, is not a 
member of (2) . 

Among the mmlwtib of the family (2) there should be two which are 

tangent to the circle x + y « 1 . (One of ihem is obvious, but let's solve 
the problem as though we did not know one answer.) Intuitively, it is clear 
that a tangent: to a circle is a line which intersects the circle in only one 
point. Let us solve (2) simultaneously frith the equation of the circle, and 
then try to pick m so that there is only one solution. From (2) , 

y » mx + 2m + 1 . ' 
Substituting tiiis in x 2 + y 2 = l we get 

t 

2 2 

x + (mx + 2a + l) » 1 



or 



or 



x + m x + km + 1 + ki + 2mx + km = 1 



(1 H- m )x 2, + (km 2 + 2m)x + *te 2 + km =» 
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•this quadratic vill have only one root (that 1b, a double foot) if, and only 
If> its discriminant 1b zero. !Ehe discriminant turns out to be -%(3a + *0 $ 

k 
vhich is zero if, and only if , m » or a « --j • ^ 



V 




/' 



Figure 6-36" 



The figure shows the tangent lines for each case. Their equations are 
y"3T 1 = 0, and kx + 3y + 5 - '° • 

Let us use the same method to find the family of tangents to the parabola 
y - x 2 * Let (a,a 2 ) be any point on the parabola. The family of ail hut 
one- of the lines through this point can be represented by the equation 



y - a 



m(x - a) . 



(Wilch one is-'mitfBing?) Expressing y in terms of a , m , and x , and 

2 
substituting the result in the equation y » x , ire get ^ ■ m 

..«■ 

2 2 " • 

x-mx + ma-a=0. 

2 2 

« This equation has a double root if* and only if, m - Ms» - a ) - , i<e. 



if, and only if, m 




Thus the slope of the tangent to y • x ^&t 



(a,a 2 ) i« 2a , and the family of lines tangent to the parabola can be repre- 

m 



sented "by the equation 



2a(x - a) 



( 



^ 
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or, in somewhat simpler form . ■ 

(3) y « 2a* - a . 

The n a R in', (3) above is called, a parameter . (The word Has used 
earlier in the text in a different sense* Shafts, in a way, unfortunate, but 
both uses are very common.) It is difficult to define that word, but you must 



understand how "a 1 * is used here. We might say "Let a be any real number. 

* '■' 2 2 

Then (3) is an 'equation of the tangent to y j> x at ta,a/). n Here we 

are thinking of a as jl fixed, but undetermined , .real numberY On the. other 

hand, when we say that (3) represents the family of all tangents to the 

parabola y = x t ve mean that each tangent to the parabola has an equation 
obtained by assigning a suitable, real value to a ., and each equation so ob- 
tainable Is an equation of a tangent to the parabola. In other wards, (3) is 
an ingenious wa^y^ef-ajritiag infinitely many equations in a small space. 

You have considered many other families of 'curves in earlier courses', 
, whether you used this phrase or not. The equation Ax + By + C =■ repre- 
- sents the family, of all lines In a plane* The equation y = mx, . + b repre- 
sents the family of all lines which have slopes, that is, all lines which are 
not perpendicular to the x-axis. The equation xy ■ k represents the\ family 
of all rectangular hyperbolas with the"* coordinate axes as their asymptotes 
(and the twa axes themselves, obtained by setting k » Q and sometimes called 

2 ' 2 2' 
a degenerate hyperbola). The equation (x - h) + (y -< k) »■ r represents 

* the family of all circles in a plane (and the point (h,k) , obtained by 

setting r = and sometimes called a point circle) . 

Sometimes * it is useful to consider a family of curves and select from it 
§ " 
those which have some additional property. For example, at pne point in the , 

/< . * ■ 

discussion above we considered the family of lines which pass through a point 

■ 2 " ' 

of y = x , and then selected from this family the member having the addi- 
tional property of being tangent to the parabola. Let*s consider an analo- 
"" gous problem. 



The-famlly of all the circles in the plane can be represented by the 
equation^* 

' (x - h) 2 + (y - k) 2 = r 2 . 

* 

The center of each sufeh circle is at (h,k) . Which members of the family are 
tangent to both axes? If a circle is tangent to both axes its center is on 
the line y = x or on the line y = -x • The family of circles with centers 
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< 

on the Uwf y « x can be represented by tke equation 



(x - h) 2 + (y - h) 2 - r 2 



m ■ \ 

Such a circle iri.ll be tangent to both axes 'if, and only if, r - |h| or 

r 2 m h 2 . 13ms Ae family of circles lying in the first or ttfird quadrant and 

tangent to both axes can be represented by the equation 



jrepres 



(x - h) 2 + (y - h) 2 - h 2 



An equation Resenting thoad'ln the second or fourth quadrant can be found 



in a similar way. 



Exercises 6-7 
In each of the first 13 exercises, find an equation representing the 

family of curves described. . , 

* * . » 

1. All vertical lines* . '- 

- - 

2. All .horizontal .lines. * \ 

/ 3. All nonvertljpal lines through (2,-1) . * /~ 

) 

if. All nonvertical lines. r 

3. All circles with center (-1,2) . , s , 

6. All circles with radius k . , , • . 

7. All- parabolas with vertices at the origin and axes horizontal. 
6~. ALL lines parallel to 3x - ^y + 5 = . 

9. All -lines perpendicular to 2x + y - 3 = P • • 

' 2 2" • 

10, All lines tangent to the circle x + y - 25 . 

2 - 2 

11. All lines that do nob meet the circle x + y = 25 . 



Lnfri 



12. All circles" of radius 6 which go through the origin. 
f 13.„ All circles of radius -1 such that the origin is not a poinfrof the circle 

or ^ts interior. <„' * 

Ik. -Find an equation of the line through the intersections of the lines 

x _ y + 6 = and 2x-y = and having x- intercept equal to 3 • 

15 . Find an equation of the line through the intersection of x + y - * 
and 2x - y + 8 - and having slope ' 1 . 

260 
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X6. Find an equation of the Has passing through the intersection of the 
J lines x + y + 1 <* and x-3y + 2 = 0, and havfng no slope. 

17.. Find an equation of the line through the intersection of the lines t 
x - 2y ■+ 3 m and ' x- + 3y - 2 » and the point (1,1) , without 
finding the intersection of the two lines. - ' V . 

18. Find an equation of the family of circles through the intersections of 

Of 

the circles x +y - 2x - 35 = , "and x 3 + y 2 -♦■* 2x + by - kk « , 
without finding the intersections of the two circles.' 

19. Find an equation of the line through the intersection of the lines 

2x + 5y - 10 \0 and 3x*- y + 19 «? O and perpendicular to the second 
of these lines . * 



• 



20 . Find an equation of the line through the intersection of x + y-^»0 
and x - y + 2 « and parallel to 3x + % + 7 = . 



21. Fljd equations of all lines passing through the intersection of .'•''■■ 
5x - 2y '" and x - 2y + 8«= and cutting from the first quadrant 
triangles whose areas are 36. V ' 

22* Find equations of all lines through the intersection of y - 10 » and 
?x-y°0 which are 5 units from the oris 





6-8. Summary . * .#''"'■''•■' 

We have explored in some detail in this chapter the Irelations t/etween the 
geometric properties of a set qf points and] the algebrei<Aproperties of its> 
analytic representation. It was convenient to discuss 12ie\geometric proper- 
ties under the headings of symmetry, extent, periodicity, ltrceccepts, and 
asymptotes. We paid particular attention to the special situations that 
arise in- polar coordinates from the lack of uniqueness in the correspondence 
between points and their polar coordinates, and the consequent lack of 
uniqueness in the correspondence "between fcurves and their analytic represen- 
tations. . 

Our discussion considered relationships between graphs and their condi- 
tions, first in rectangular and then i» polar coordinates. We developed „ 
several useful techniques, notably the method of sketching a graph by * addition 
and multiplication of ordinates in rectangular graphs, and by addition of 
radii in polar graphs. 
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These techniques were then applied to pairs of graphs and their inter- T 

sections, «nd the corresponding pairs of analytic representations and their 
simultaneous solutions. We inves-bigated in. some detail the difficulties that 
arise -here with polar coordinates and found «the concept of related ~i>olar 
equations particularly useful in, these cases. * 

v ■ 1 ' ■■•■■■ 

. • Our ^consideration of more than two graphs at a time-was confined to ; 

■ » ■ * • ,'■'■.. 

collections of graphs related by some common feature. These a$e called . 

families of graphs, and' we developed some useful, concepts in defining such a f .\ 
family, and then selecting a particular member of -it to 'fit some special 
requirement. . * . . .■;., " ■ .• .,, "■•'.,■ ■.''"' .; ' .-, '*.'..■ 

In our next chapter ve sharpen our fpqus •and- discuss particularly a 7 
certain classification of graphs 9 and their equations. Thes£,'''l?he > eonic' „ 

sections^ have, a valid claim to our special attention/ both- because theyvhave 
been extensively studied for over* 2000 years, and because they »have important . 
and interesting •application* in many aspects of our lives today. „•,••, 



, , Chapter 6 «■ Review : Exercises ' f 

•1.' \ Find' the locus ,pf the.midpoint of all segments parallel to the x-axis, 
and terminated by the lines x + y - 8 <= , 2x - y "- 1 = 0. <t> 

• £ 

2. Find th,e J^ocus of the midpoint of all segments parallel to the y-axis 

* . • 

' and terminated by the lines x + y - 8 = , 2x - y -,1 =0 . 

3. If • A = (-k^O) and B< = (^,0) find an equation for the locus of 
V ♦ P-= (x,yj "if;- , • ■ " 

<a) a(.P,A) = '2d(p,B) .; '*■'.'• m 

(b) d(P,A) + d(P,B) = 10 ; ? • 

'" . (c)" d(P,A) - d(P,B) = 2 j , #• \ . / , 

( d) afJjB ; 



•S - 



/ 



(e) slope of PA = twice the slope of PB'; 

(f) slope of PA =i 1.+ slope* of PB ; 

(g) measure of /APB * V?° ; 

/ " ' / o 

(h) sum of • the -measures of /A and /B is 120 ; 

' l±) area of MB? = 20 ; • . 

'(j) . a(P,A) < d(P,B) . 
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6. 



. N 



7. 



op ' • 

The circle whose equation is x + y =36 contains the point A = (6,pK 

If P- = ( x,y) is any other point of the circle, find ( an_eQuatioa for the 
locus «f -me midpoints of AP . • 

2 2 
The circle whose equation is x + y =25 contains the point B = (0,5). 

If Q = (x,y) is 'any other point of the circle, find an equation- for the 

locus of points' P,' such that Q is the'raidpoint of If . • 

*. v . . 

^ 2 2 

The circle^hose eyjua-tion is x + y = 100 cdnteins the point 

C = (-10,Q) . A line through G meets the circle again at D , "and tKe 

line, x = 20 at E . Find an equation -for'the locus of the midpoint of 

DE , for all positions of the line through C . 

* 

Find an equation for the locus of the midpoints of all chords of the • . * 

3x + h . 



2-2 
circle • x +y - Ij-x + 8y =» whi ch are parallel to the line . y 




8. Find an equation for the line containing the midpoints of all chords of 

* 

2 2 
the ellipse x + 9y =36 -which are parallel to the line x- + y = 10 . 

Find equations for the families of curves described "below: 

) All lines which, with the polar axes, form a triangle whose area 
,, is 12. 

(b) 'All lines, the sum of whose intercepts is 6 . 

(c) All circles tangent to the y^axts. r . 

(d) All circles tangent to the X-axis. 

(e) All circles with radius 1 that are tangent to the line 
fcx-F3y-2«0.. ' 

(f) All circles tangent to the line kx + 3y - 2 = . ^ n ' 
k g) All circles of radius 6 such that the origin , is an interior polflt. 
(h) All circles which gs through the origin, 
(i) All circles which go through the point . (12,5) . 
(j) All- circles whose interior contain the origin; 
(k) All circles of radius 5 , such that the origin is not a point of 

the circle or its interior, 
('£) All circles of radius d which are tangent to the line 

. ax + by + c = . , H 

(m) All circles tangent to the lines 3x - Uy + 5=0 and 

* • 

kx * - 3y + 9 = . 
(n^_ All. circles" tangent to the lines a,x+by + c, -0 and 

U = . 



/ 



V + 



\ 



(o) All circles, which intersect or touch the x-axis.' 



263 



S.'j 



f . v . ■ 

(p) All circles T&iich dp not intersect or touch the y-axts. 
(q) All circle* vhlch do not Intersect or touch the line 
ax «• by + c ■ . 

/• ' 2 2 

(r) ; All circles in the interior of x + y - 100 . 

* " 2 2 

(s) All circles -which intersect or touch the circle x + y <=' 1 . 

' 2 2 

(t) VOl lines *faich intersect or touch the circle x + y* ». 1 . 

(u) All circles in the interior of the triangle, determined hy the points 

.« (0,0) , A . (10,0) and B » (0,10) . ? * ' 

(v) 'All circles? vhose interiors contain the points A , 6 , and of 



the previous exercise* . 

t/x 2 + 



\ _ 

2 



(v) All circles idiich are tangent internally t<r x + y ■ 100 . 

''''■' 2 2 ''"" 
(x) All circles vhich are tangent externally to x -*• y ■ 100 . 

2 2 
(y) AIL circles to vhich the circle x + y «■ 100 is tangent internally. 

( z) All circles -tangent to the line ax + by + c = and passing through • 

the point (r,s) .i ' « 

10. Sketch the graphs of the following conditions. ■ * 

(a)- |x| =3 (k) xy + 2x >y + 2 

(b) |y + 2| = 7 ■ " ' (I) xy + 3x + Uy > -12 

(d) |y| < 5 (m) 5x - 2y + 10 > xy 

(d) 1x-3|<^ ' (n) xy - 3jr - x + 3 "( / . 

(o) 3x + 2y - 6 < xy 

tp) x 3 + xy = 9x 

(a,) x 3 y + xy 3 ■ xy> , , 

(r) (x- 3} 2 V(y - 5) 2 

1 ■ - - 



(e) 


x + y > 1 


(f) 


2 
x < y 


(g) 


1*1 < Ixl 


(h) 


1*1 + |y| = 6 


(i) 


x 2 < x + 20 


(J) 


y 2 > 3y 




he- 



y 



■ / 



o 
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f the following pairs of parametric equations. 



(f) . r > t , 
^y = 2t . 

(g) jx<t , 

ly - t + 1>. 

(h) j x > 2t , 

L 2 



y = t 
(i) f x > t 

y 



/ x > t , 
I y < t . 



(J) /« < t ' , 

<y>t*. 

« ' '. 
12, Sketch and discuss the polar graphs of the following conditions. - 

t 

(a) r = cos 2 0' (e) r = 3 sin 2 

(b) r = cos (0 + 2) (f) X = 1 + sin 6 

(c) r = sin (0 - J) (gf r « 2 - cos 

(d) r = 2 sin 3 , (h) r^-1 + 2, sin 

2 k 

13- Sketch the graphs of y = x and y = x with respect to the same axes. 

Generalize. 

1^. Sketch the graphs of y = x , y = x and y » 3p with respect to the 
same axes. Generalize. 

15. Sketch the graph of y = 3 sin x + k cos x . What does it remind yoti of? 
Hote tMat $his equation can also he written in the form 

f 

' y = 5(| sin x + J cos x) and that (|) '+ (?) = 1 . 

v Finally, use these facts and a well known trigonometric identity to write 
a third form of the original equation. * 

16 . Generalize the result of the preceding exercise by considering the equa- 
tion y =■ a sin x + b cos x where a and b are arbitrary real num- 
bers. 


17 . Prove analytically that if a set of points in a plane is symmetric with 

respect to each of two mutually perpendicular lines, it is symmetric with 

respect to their intersection. 
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18. Prore that the graph of the pair x « at + h , y «= f(t) of parametric 
equations is identical with the graph of the equation 

y o f( * "' ) obtained by eliminating t in the natural way. Thus there 

are cases in which it is possible to eliminate a parameter without getting 
into trouble. 

19, Make a graph of y «= a + b sin (ex + d) for each of the following sets 
of values ofa,b,c,d. 



(a) a - 2 , b = 3 , c = 2 , d = | . 

(b) a .0 -3 , b = 2 , c =^ , d = « , 

(c) a = 3j-h = -2, c = 2,it=>4^-i 

(d) a = -2,b = 2,c = 3,d = 0. 



j 



Challenge Exercises 

'.'■■•-' : ' '•"■' y. 

1. Sketch the rectangular graph of y =» sin kx sin x . Discuss the graph of 

y = (6 + sin x) sin ifix, and generalize suitably. Consider 
. y = sin lOOOnt * sin KXxJCront , which is related to equations which 
describe amplitude modulation, in radio broadcasting. 

2. For discussion and experiment, if an oscilloscope is available. Adjust 
the controls to get a stationary sine wave on the screen, then alter one 
control at a time to change the amplitude, the wave-length, the frequency, 
etc, . If available and possible, find the constants of the oscilloscope 
and "write the actual equations of the curve. 

■ i • -*> 
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p 4 Chapter 7 

CONIC SECTIONS 

7-1. Introduction 

■ * 

This chapter is .intended to give you a better understanding of the curves 

'called conic sections. When you studied geometry, you investigated |>ropertiae 

of a circle. In your study of algebra you worked with equations of the various 

conic sections and their properties. Here we shall first consider briefly the 

history of conic sections. Then we shall give a formal definition Of a conic 

section and use polar coordinates to obtain a standard polar equation of a 

conic section. We shall see how equations in polar form are related to the 

equations in rectangular form that you have already studied. We shall derive 

properties of 'these curves and work with some 6f their "many applications , t 
> 
In studying conic sections you will- use the knowledge and techniques 

acquired so far in analytic geometry. Both rectangular and polar coordinates 

will be used; often parametric repVesentation will be helpful. Ide^s of locus 

and curve sketching will be used. 

It is assumed that you have studied the definitions, equations, •and prop- 
erties of the conic sections] brief summaries will show you what you are 
expected to know. Ef you find that you need more detail, you will find it in 
'the following sections of Intermediate Mathematics : 

6-3. The Parabola (pages 315-321) 

6~k. The General Definition of the Conic (pages 326-331) 

6-5. The Circle and the Ellipse (pages 333-336) 

6-6. The Hyperbola (pages 342-3^8) 



7-2. History and Applications of the Conic Sections 

The curves called* conic sections were so named after their historical 
discovery as intersections of a plane fend a surface called a right circular 
cone. A right circular cone is the surface generated by a line moving about 
a circjie and containing a fixed point on the normal to the plane of the circle 
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at the center of the circle. The fixed point, called the vertex , separates 
the surface into tw# parts called nappes . Each line determined by the vertex 
and a point of the circle is called an element of the cone. The normL to 
the plane of the* circle containing the vertex is called the axis of the cone. 
The proper conic sections are circles, ellipses, parabolas, and hyperbolas. t 

The discovery of the conic sections is attributed to- the Greek raath- 
ematician Menaechmus (circa 375-325 B.C.), who was a tutor to Alexander the 
Great. He apparently used them in an attempt to solve three famous problems, 
the trisedtion of an angle, the duplication of a cube, and the squaring of a 
circle.- Although the Greek .mathematicians were primarily interested in the 
mathematical applications of the conic sections, they did know some of the 
optical properties of the curves. The definition of the. conic sectiens which 
we shall use is attributed to Apollonius, who flourished before 200 B.C. 

Further discoveries of the physical applications of the eonie sections 
did ,not occur until the conjectures of the German scientist and mathematician 
Johannes Kepler (1571 - 16-30) , who hypothesized that the planets moved in 
elliptic orbits with the sun as a focus. The theoret^al development of 
Kepler's conjectures followed the gravitation theory and calculus developed 
by Isaac Newton (l6^2 - 172?). In fact, it may be shown that any physical 
object s,uWect to a force which is described by what is called an inverse 
square law will move in an orbit which is a conic section* Gravity is such a ^ 
force; the electrical force between qharged bodies was found to be another 
such force by Charles Augustin de Coulomb (1736 - 1806). 

Today we find applications of the theory of conic sections in the orbits 
of planets, comets, and artificial satellites. The theory also applies to 
thjfcenses of telescopes, microscopes, and other optical instruments, weather 
pr^Hctloji, communication by satellites, geological surveying, and the con- 
struction of buildings and bridges. Conies also occur in the study of atomic 
structure, the long range guidance systems for ships and aircraft, the loca- 
tion of hidden gun emplacements and the detection of approaching enemy ships 
and aircraft. The surfaces of revolution formed by the conic sections, which 
will*be considered in Chapter 9, find application in the sciences dealing with 
light, sound, and radio waves. 

It is helpful to visualise the four conic sections formed by the inter- 
section* of a piane and a right circular cone. We illustrate -^he physical 
possibilities below. 
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Figure 7-ia: Circle 



Figure 7- lb: Ellipse 



( 





Figure 7-lc: Parabola 



Figure 7-ld: Hyperbola 



A circle (Figure 7-la) is the intersection of a cone and a plane perpen- 
dicular to the axis of the cone. An ^llipse (Figure 1-Vb) is the intersection 
of a cone and a plane which forms an acute a$gle. with the axis. The measure -_ 
of this acute angle is greater than^the measure of the angle formed by the 
axis and an element of the cone. A parabola (Figure 7-^c) is the intersection 
of a cone and a plane parallel to an element' of the cone. A hyperbola 
(Figure 7-ld) is the intersection of a cone and a plane which forms an angle 
with the aMs whose measure is l^ss than the measure of the angle formed b^ 
the axi-s and an element of the cone. These descriptions suggest that circles. 
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and ellipses ere the sections formed when planes cut every element of the 
cone; parabolas are formed when planes cut some elements in one nappe of a' " 
cone; hyperbolas are formed when planes cut seme elements in both nappes of 
the cone. Although the drawings of Figure 7-1 are limited, cones are infinite 
t^ in extent; what is illustrated is only part^of the parabola or hyperbola.* 

* ' For a' more complete and systematic geometric development of the conic 
sections, leading to the definition to be given in the following section, 
see Supplement to Chapter 7. 



7-3. The Conic Sections In Polar Form 

' ~ "" ~" — " « """"" ' 

We shall choose as a defining characteristic of the conic sections that 
geometric property which leads most readily ^Ao their analytic description. 
This property relates all the conic sections except the circle. 

DKFiKlTlONS . A conic section is the locus of points in a plane 
" such that for each point the ratio of its distance from a given •> 
point F in the plane to its distance from a given line D in the 
plane is a given constant ev The given point F is called a focus 
or ^foeal point of the conicKaectton. The given line D is a 
directrix of the conic section. The given constant e is the 
eccentricity of the conic section. If < e < 1 , the conic section 
is called an ellipse . If e = 1 , the conic section is called a 
parabola . If ' e > 1 , the conic sectidn is called a hyperbola . 

A circle is also a conic section and 1b the locus of points at a< 
given distance from a given point. The given distance is called the 
radius of .the circle and the given point is called the center of the, 
circle. 

In some ways it is simpler to describe the conic sections in polar 
coordinates. We are already familiar with the polar equation , or equation 
in polar coS'dinates , of a Circle with center at the origin as r = k , 
where k is the radius. ^ 

We shall assume that the focal point does not lie on the directrix. Let 
the focus of the conic section be at the poie and let the directrix be per- , 
pendicular to the polar axis** Let the polar axis be oriented away from the 
directrix; that is, the ray that is the polar axis does not intersect the 






•/■ 



r 7 " 3 

directrix. Let p 1 '. be the distance from the pole to the directrix and let 

?i •" ■'''! " ■ i 
= (r,0) <be a pO^st of the/eonie section. 

• If 
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Figure 7-2 ' 

Then the dis?!hnce from P to the focal point is r , and the distance 
from P to the directrix is , p + r cos 6 . Bius, 



A = e . 
p + r cos 

Expressing r in terms of 6 , we obtain 



(1) 



r = 



ep 
e cos e ' 



* 



In the above discussion we have assumed that the focal point did not lie 
on the directrix. If it does, we obtain certain figures which are called 
degenerate conies. Geometrically, they are the. intersections of cones and 
planes containing the vertex of the cone. (For a more complete discussion, 

* 

see Supplement to Chapter f.) 

If the focal point is on the directrix, then p = , and we may not 
perform certain algebraic operations, since division by zero would be indicated. 
We may express the analytic condition as follows: 

r = er cos . 



. \ 



, we 



If < e < 1 , we have r < r cos 8 ,, which |is never true. If e 
have r = ,- which is an equation of the polte. This is sometimes called a 
point - circle , .(it is sometimes convenient to think of a circle as a special 
case of the ellipse. This is not consistent with our approach here, ^but it. 
suggests why one may encounter the description of this locus as a point - 
ellipse. ) 
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If p = and e « 1 , we obtain r = r cos 6 . Prom this we may infer 
either . r = , or 1 = cos 8 . The graph of r = has Just^tjgen discussed. 
. The graph of 1 = cos 6 is the line containing the polar axis^his we call 
a degenerate parabola, "if p = and e > 1 , the equation r = er cos 8 

will be satisfied when cos 6 = — . Thus the locus is *two distinct lines 

e 

through the pole and is eallefi a degenerate hyperbola . (There will be further 

discussion of degenerate conies in the Supplement to Chapter 7.) 

Thus far we have considered the equation of a conic only in the case in 
which the focus is at the pole, the directrix is perpendicular to the polar 
axis, and the polar axis is oriented away' from the directrix. Certain other 
.cases will be considered in Example 2 and the exercises, but we snalj. not take 
up' the. case in which the directrix is oblique to the polar 'axis until we have 
studied rotation of the axes in Chapter 10. " 

f Example 1. A ^ixed point F is k units from a given line L . Write 
an equation, for the locus of points equidistant from P and L . 



Solution . We ^place the pole of 
our polar coordinate system at F , and 
the \p6lar axis perpendicular to L and 
dire^ed away from L . Then for any 

point \p = (r,8) 'on the locus, 

\ 

r == k + r cos , 
which becomes 



. P - (r,8) 



r = 



1 - cos 6 




This equation is in the form df 4 r 

Equation (l), and represents a parabola* 

Example 2. j/hat 'is a polar equation of a conic section with focus at the 
pole and directrix parallel to the polar axis and p units below it? 



i \ 



\ 



V» 
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Solution . Let P - (r,S) be a 
point of the curve. Then the distance . 
from F to the focal -point is r , and 
the" distance from P to the directrix 

* 

is p + r s£n 8 . Thus, 



> 



p + r s'^n 



■. = .e 



Expressing r in terms of 6 , ve 
obtain 



r = 



ep 

1 2 e sin 'e * 



Example 3. vGraph' r,=* £-__-£ 



Solution . This equation is' 1 in the 
form of Equation (l) with ,e =* 1 ', 
p = 2 . Hence its graph is a parabola v 
with focus at f and directrix. D, 
perpendicular to the polar axis and 2 
units to the left of the pole. The 
vertex must be midway between ■ and 
D . Location of one or tW more points 
--say (U,6o°o) and (2,90°) --and use 
of symmetry then permit nuav-fng a 
sketelu 





^^ 


p = (p,e) 


p 




* r sin 8 


f 


>P 




« 




•"\ 



D 




Example k t Graph r = 



5-3 cos 8 
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Solution. To obtain the form of Equation (l), we divide numerator "and 
denominator of the fraction by 5 , and write the numerator as the product of 
e • and a number which must be p . We 
obtain «" * . 



r = 



f • 2 

,_.._, — ■■ ■ 

1 - jr COS, 6 



Since e = jr and p = 2 , the graph is 

an jfllipsej one vertex divides the 
normal segment joining the focus to the 
directrix in the ratio 3 to 5 . We 
obtain a few more points— say (3,0 ) , 

(i£,6o°) , and (£, 90°) — and use synBBetry to complete the graph. 



&18Q° 




Exercises 7-3 



Graph "each of th,e following: 
J 



1 


r 






k 




" 1 


- 


cos * 


o 


r 




• 


6 


Cm 


2 


•» 


2 cos e 


3- 


r 






k 


" 2 


- 


cos § 


h. 


r 


I 




6 


3 


- 


cos 



12 



5 ', r = k - 5 cos & 



6. r = 



7. r = 



8. r 



2U 

2 "- 6 cos 6 



1 - sin £ 

6 . 

2 - 2 sin 6 



0, 



9. What is a polar equation of a conic section with focus at the pole and 
directrix parallel to the polar axis, and p units above it? 

10. <What is a polar equation of a conic section with focus at the pole and 

! „ -■ directrix perpendicular to the polar axis and p units to the right of 
the pole? 

11. Using the results of Exercises 9 and 10, graph the following: 



(a) r = 1 + cos e 



12 



< b > r = k + 5 sin 6 4 



/ ^ 8 

(c > r ° k + 3 sin e 

I 

fA\ 10 ' 

(d) r = 5 + 3 cos 6 



2Tfk 



SO 



1-k 



\ In Exercises 12-19, rewrite the equations in a form convenient for 
graphing, identify the conic section, and sketch the graph. 

16. r«» 2 + r sin 6 

17* r « 3 - 2r cos ^ n 



12- 


r - 6 ' - r cos 0*0 


13. 


r - 10 - r sin £ ■.* 


l*. 


/ 
3r - 12 - 2r' cos 6 - 




18. cos 6 a-1 . j 

15. 3r - 12 - kr cos = p J \ 1-9. "sin & - r + 2 

20. An artificial satellit4"hj(6r the Jenter of the earth as its focus. For 
a polar coordinate system in the plane of its orbit the distance of the 
satellite from the center of the earth at * '$ » l8o° is 5000 mi. and 
at 9 - 90° is 6000 mi. Assuming that the axis is along the line 
9 = Q° , find the equation describing the orbit and the greatest distance 
of the satellite from the center of the earth. 



7-4. Oonic Sections in Rectangular Form 



\ 



We have developed polar equations for the conic sections in certain . 
specified positions. For a circle with center at/the pole, wa have 

r = k . , 

For the other conic sections with focus at the pole, and directrix perpendicu- 
lar to the polar axis and • p units to the left of the pole, we have 

I a parabola if e = 1 , 
an ellipse if < e < 1 , 
a hyperbola if e > 1 . 

We shall find the corresponding rectangular equations by using the following 
equations, developed in Section 2-k: « 

n 2 2 2 

x = r cos 9 r = x + y 

• y = r sin $ ' tan 9 = - , x £ . . 



Circle : If 



r = k , 



"V ' 2 2 

then r = k 
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s . ( 



(This is equivalent to multiplyin| "the members of V - k '- lay the corres- 
ponding members of r + k "= . Since these "are "both equations of the sane 
circle, the graph of the resulting eqaation is the same as that of the original 
equation.) * • - % 

Since r « x + y ., 

.A ■ ' 

2 \ 2 . 2 <%/ 

we nay write x. + y = k , 

We now consider the general equation - . . 

1 ep * ^ -. ' • 

(\) '* .'" T = I - e cos fl , ' '"*"—■'.. 

\ ■ 

We, multiply both members of the equation by" 1 - e cos" to obtain *;.; 

^ r - er ^fes = ep*"" * « 



» 



"» 



■< or 



r = e(r cos 6 + p) , 



and square" both members of^ the latter equation ; to obtain 
(2) » t 2 - e 2 (r 2 cos 2 + 2pr cos £ + p ) . 



* • a 



(Whenever we -square both member^ of an equation we must be careful of the in- 
terpretation of thea-esult. We have- in effect multiplied both membeVs of 
r - e(r cos 19 + p) = by, the corresponding members of r + e(r cos 9 + p) * 0. 
We recall from Section 5-2 that r - etr cos + p) = has the related*polar 
equation \ % 

-r - e ft-r) cos (0 + p) + p) = & . 
Since cos (&■+ n) =.- cos , this is equivalent to 
'i { 9 -r - e(r cgs + p) =■ 

or (3) ' ' r + e ( r cos 6 + P) = • „ ^^ 

Since the "factors" of Equation, (2) ' are 1 equivalent to Equation (l) and its 
related polar equation, it has* Wife 'same graph as Equation (l). We» may. now ^ 

proceed with the original discussion.) UslnA^ r. = x # + y and r cos = x , 

we have ^ 

n p p p 2\ 

(h) ' x' + y ■-■- e (x + 2px + p ) .- 

We now have our equation in rectangular coordinates and wish to examine it 

# * 

Ar the different values of e . 
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Parabola-: Since e sS 1 , Equation (U) becomes 



.or 



2. 2„ 2 _ & 
x + y = x •»■ 2px + p 



y = 2p(x + |). 



V 



Of; 



This equation, as you may recognize from your sttidy-of algebra, represents a 

P 



parabola with focus «at* the origin and vertex at (- £ , 0} . r 



ctangular form and sketch the graph of 
6 . 



Example 1. Write' 




r = 



1 - cos 6 ' 



•r 



Solution . The* given . equation yields r - r cos* B, = 6 , which- after 

transformation becomes 

' - • ■ .- ; '• 

J2 M 2 " . • ' 

** Vx + ■ y - x = o . » ' ' 



er 



^ 



+ y = x + 6 . 
* 



2 2 2 
Bierefore x #»- y = x + 12x + 36 j 



and' finally 



f-3.0j V ° 



or 



2f -. 

y ,-='^Lftc + 3& . 

y 2 -= 12(x + 3) . 




* * 



ja.lipse ; Here^ < e <1 i We. rewrite Equation (k) as 



2 2 '2 2-2 2 2 

x + y = ex+2epx+ep . 






We rearraoge the terms to* obtain 



t-i 2,2 _ 2 ' 2. 2 2' 

(1 *■ e )x » - -2e< px + y = e^p 



V 



."Since/ we arejlooking foigjfi form thatwwe -can recognize as the equation of a 

confc'that has a center, tte use the technique of completing the Square. 

' \ •*. v - 

.. > . . 2 

Divining by the coefficient of' x , vS have ' * 



:*■ 



2 2 • ■ 2 a 

2 ojJLiv * y 1 e py 

*- r-^x, - + "j? - —^2- 

l-.-e 1,-e . 1 - e 



vtac - 2- 



■'■7 



9 
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* 



s< 



I 



•JJh 



.J 



2 
2 - e p 
or « • x ■- 2 *^x 

1 vf-f 



:ffl+ih--&'ls*X 



or 



1 i 



*-/ . — . 

(2 \\ 2 ^2 '22 / 2 \ £ 
1 - e z J/;-. 1 - « 1 - *■ \4 -e/ 



Since. < e < 1 , e VI -tfitfb-'-i - e > 0" .* HSrus the coefficients of 

x and y are "both positive. Although the equation above is quite 
cluttered with constants,* it should be apparent "that it has the form "of the 

* * ' ; \. '•■"••■'./ 2' V 
* I e t> 1 
equation of an ellipse with center at I £-5 , 01 , ' , _ ' ", 

,' ' f A^? / , 

« « 

, •. ■ ■ • ■ 

Example 2. Write in rectangular form: . 

* • r = T-^" - ., J ' 

1 - ± cos'0 . ' - -' 

2" 

'•.'. ■• ■ • ■ ' ■ ' 
- ■ <• • ~V- ■ r ■ ' ' : 

Solution . The give^n equation 1 yields r r ^ r cos = 6 which, by 



substitution, 


becomes , , ( - 

t 






Therefore 


. Vx 2 + y 2 = |* + 6 ; 



hence * • • ; ' x + y = £X '+ 6x + 36 • 

Finally*, this becomes 3x 2 + ky 2 - 2kx r ikk = , vhi€h Arou may recognize as 
an equation for an ellipse in reotangular form'. We day/write this in standard 



form thus : 



3(x 2 - 8x +.16) + k/ - Ikk + k& , 



oxX • ' ' ' 3(x - l^) 2 +ify 2 = 192 r 

55 — ■ + 55 " *• 



or 



You may re'cogni^e that this equation represents an ellipse^vdth center at • ' •,. 
(M)# " ' 4 



>\. 



7^' 



ffi rpetfeola : The algebraic manipulation involved in expressing "the 
equation of a hyperbola in rectangular fox-m is identical with that for the 
ellipse. However, when we reach the form 

-(-(Al-A-AKr*)*'- •■" 

2 ' 2- 

we -note that since e > 1 , e > 1 and 1 - e < J •Thus the coefficients 



2 2 

of x and y have opposite signs. 



# 



It should be apparent that this is thfe equation of a hyperbola with 



center at 



fc*$ • 



.. J .. .. 

Exercises T-\ '■ t -.- 



M 



-p. 



, For each of the polar equations below you are asked to do three things : 

(a) Sketch the graph.. 

(b) Write a corresponding equation, im ^rectangular coordinates. 

(c) Write the related polar equation. 



1. *r = 3 

2.' r - 9 

3. r = 2 cos * 

k. r' = cos 6 + sin© 

5. r = 

6. v= 

7. r 



1 


- 


COS 


d 






3 


# 


1 


+ 


cos 

3 


£ 



1-2 cos 8 





I St 

• 


8 


6 




r 2 - eft's d" 


9- 


r 5 , 


3 - 2 cos e , 


1C. 
i 


? 


r J 2 - 3 cos 6 , 


11. 


r = 1 + cos 0* 


12. 


r - r sin 0=2 


13. 


Ur - 3r cos = 12 


ik. 


*+r + 5x sin = 20 



r 



y 




# 
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f-5. The Parabola 

In this section and the following three we consider the four maj.n kinds 
of conic sections: parabola, circle, elUgpse, and hyperbola. There are 
brief sutaiafies of the important definitions and properties. Equations in 
rectangular coordinates— often called standard forms — are given for these 
curves with axes on or parallel to the coordinate axes. Much of this 
information is not new; it is placed hpre because of its iimportance, and for 
ypur convenience. - . ■ 

t The parabola is defined as the^t of points equidistant from a 'fixed 
point "(j-he focus ) and a fixed line (the directrix) . A parabola is symmetric 
with respect to the line through the focus perpendicular to the directrix. 
This line of symmetry is called the axis of the parabola, and its point of 
intersection with the parabola is called the vertex of the parabola. 

In Figure 7-3 F, .V, and D indicate the focus, vertex, and directrix, 
respectively, and |p| is the distance between F and V. If p >0 , 
the parabola extends "upward or to the right as shown; if p <! , it extends 
downward or to the left. ^ 

In making a quick sketch of a parabola, it is convenient, after locating 

V, F, and D, to find the length of the latus rectum . This is the chord of 

the parabola through the focus perpendicular \o the axis. If in Equation (a) 

Figure 7.3 we set y = p , we find x = t 2p ; flhus, the length of the latus 

rectum is |^p| . (The student should verify that for ea6h of the other 

standard forms of the equation given in Figure 7-3 the length of the latus 

rectum is also |ffpj .) '■»'.' 

r ' 
In general a conic section has been defined as the set of points P such 

that the ratio of the distance froift P- tt> a fixed point, to the distance from 

P to a fixed line, is a constant e , caJ^ed the eccentricity. For the 

parabola e = ' 1 • . 
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(a) £-4py 



(£j y-4-f*. 




y 


^ 




* 




1 


> 


s/ 




^ 






* 






-1 • 






VI 


\F-(mfi<& 






U/A 


j &U$:y-k ' 


*0 






>i * 








tf\ 



(6) (X -A J*- 4-pfy-i) 



(d) iy-kj* - Jpcx-Aj 



Figure ?-3 * 

• Our definition of the parabola makes no restriction on the position of 
the fixed point and line. What if the point is on the line? Our knowledge 
of geometry tells us that the Icfcus must be the line perpendicular to the 
directrix at the» fixed point.' If we let p = in } say, Equation (d) of 
Figure 7-3 > we obtain 

- * a' *( y . k ) 2 = o. * 

This equation represents a straight line. This locus is often called a 
degenerate parabola . 1 * 
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* 

The parabola has important geometric properties, some of which concern 
tangents; these you will be able to derive more easily when you have studied 
caJ.ctO.U8. One of- the best known is the reflective property: light rays 
*' parallel to the axis' of a parabolic reflector are concentrated at the focus, . 

and light rays emanating. from the focus are reflected parallel to the axis. 
This property, although, usually illustrated in two dimensions, has more in- 
terest and physical amplications in three dimensions. Such parabolic reflec- 
tors are used not only for light rays, but also for heat, sound, and micro- 
waves/ You may have seen such reflectors used with microphones, or radar 
antenna, or as parts of artificial satellites. 

■* The parabola is also important ♦ in analyzing trajectories; the path of a 
projectile can be approximated by a- parabola. Under certain conditions of 
loading, the cable of a suspension bridge hangs in the form oT a parabola . 
Arches Qf bridges sometimes have parabolic form. _ 

Example 1. Rewrite the equation x 2 + kx + 8y - k = in standard form. 

Write the coordinates of the vertex and focus and the equations of the axis 

t 
and directrix. 
* . 

Solution. Since x 2 is the only second-degree term, we group the 
x- terms and complete the square. 

x 2 + kx = -8y + k ''■'.'■ 

-is equivalent to x 2 + kx + k = -8y + 8 , 

(x-*2) 2 - -8(y - i) • 

: '' -This last fomTwe may compare with' (x.-'h) 2 = M» - »0 , *nd recognize 
* tfs an equation- of the parabdla with axis parallel to the y-axie, and vertex 

1 (-2,1) . Since' fc = -2 , the parabola opens' downward. The ax*is is a vertical 
^ *line through the vertex; hence its equation is x = -2 . The directrix is a ■ 

horizontal line 2 - units above the vertex and has the equation, y ■- 3 . 
The focus, (-2,-1)"-,. is two .units below the vertex. , ■ 

Sxaaple 2. Writelan equation of the parabola with vertex (3,2) and" 
directrix *x => -1 . • 



* 



.1*. 



■t 
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Solution . Since the directrix ie vertical, the axis is horizontal; 
an equation will be in the form (d) of Figure 7-3. The distance from V 
to the directrix is p ; here p = h . Thus an equation is 

* ■ ■ (y - 2) 2 = I6(x "- 3) . 

' ■'-. ■ \ ■ 

Exercises 7-5 

* 

1. Rewrite each of the following equations in standard form; write the 
coordinates of vertex and focus ,"**and equations flf*axis and directrix; 
draw the grarih. * - , 

(a) x = -Iby , (d) y 2 - 5y + 6x - 16 = 

, (b) y> . l6x . " Vw (e) 2x 2 - 8x'-3y + 11 « 

.(c) '5x 2 -ly = " \ '(f) y = ax 2 ■+ bx + e 

t 

2. We have noted that a special or degenerate case of the parabola occurs 

when the fixed point is on the fixed line. In this s case Equation (d) 
of figure 7-5 becoj^s .fr - : k) 2 = '; the Iflt. is a straight line • 
parallel to the x-axis. ^^ 

(a)* Find the degenerate es^se -of each of the other standard forms of the 
j* > equaCT.on of the parabola, and state what the locus is. 

* ' ' ' 

(b) If a parabola! is a section of a cone by a plane parallel to -an • 

• s * ♦ * "* 

element of the icone, can you explain these "* degenerate parabolas 

/ ' « 

as limiting cases? .>, 

*. * - • * 

3. "Derive an equation of a parabola to fft each of ^following, conditions 
•' by using the locus definition of a parafcola. 

(a) IPocus (-1,-2) , directrix x = 2 . . - 6 

. - . "* " * ' " "• 

(b) Focus*- "(-1,3) , directrix y = 2 / '" ■ 

, . •■ " ' . ' 

. *»* ' 

(c) Vertex (0,0) , focus (-5,0) ~ . . ' ' ^ 

(d) Vertex (^,5 ) , directrix x = 3 • 

k. Obtain an equation for each of the parabolas foj" which conditions are 
given i t jg^er"cise 3 by using the standard forms of the equations. 



1 



« 1 






'{■ 



V 
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' * * 

■ Find an equation of a parabola to fit each of the following conditions. 
<a) Vertex (0,0) , directrix 2x - 5 - , 

(b) Vertex (2,-3) * directriBC the x-axis 

(c) Vertex (0,0).., axis of symmetry the x-axis, passing through the 
• point (2,7) % ^ 

(d) Latus rectum 16 , open down, vertex (-2,3) 



Cross-section paper and a compass can be 
used as follows. Mark one of the printed 
lines Lq and mark successive parallel j 

lines 1^ , L 2 , ... .Select any pol^ft F 

on the same side of h Q as 1^ <. With a 

compass measure on one of the printed 
lines the distance dp from Lq to Lg . 

With dU as radius and F as center, 

locate points P and Pg* on L 2 . In 

a similar fashion, using d as radius, 

Prove that 



A L* £* ** 






locate P 
the 



and P ■ 



/ 






n 



on 



3 _ - 3 - Jy . 
poinds P„ , P* , ... lie- on a parabola. ^ 



v* #■ 



.7 



. i 



. To construct a parabola mechanically, place 
^P*stralght "edge L perpendicular to the 
line MS . Attach one iend of a piece of 
string of length ST to point T of right 
triangle RST , and the other end to a 
point F on MN . With a pencil, hold the 
string against the side ST of the triangle 
as the side SR slides along ML . Prove 
that the point P of the P^f 1 describes 
a parabola as the triangle slides. 
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Challenge Problems 

o — -^ — — ■^^— — 

1. In Section 6-7 it was shown that the family of tangents to the parabola 

Lnt P =; (a,a 2 ) 
2 



y = x 



on the parabola can be represented by 



at any poll 

the equation y <^2ax/ V- a"~ . Prove the reflective property of the 
parabola for this case^ (Hint: Show that the tangent njakes| equal angles 
with the line from P to the focus and the line through P parallel to 
the axis' 'of the parabola.) , 

2. ""Again using the results df Section 6-7, prove the following statements 

for the parabola y = x . 

(a) The points of tange'ncy of two perpendicular tangents are eollineaat 
with the focus. 

(b) The locus of the intersections of pairs of perpendicular taqgents 
is the .directrix. . • . 



J 



7-6. The Circle 



, ; % 






A circle is the set of points in a pjlAne each of which is at a given 
distance from a fixed point of the plane** If the fixed point, called the 
center, is C- = fa,*k) , and the given distance' is r , for the required set 
of points P = (x,y) we have 

o 

, (x - h) + (y - k) = r . 

If r = , the solution set is the single point (h,k) ; such a locus 

is often called a point - circle . If r < , the solution "^set is the e&pty 
set; in this case the locus is sometimes said to be-^fn imaginary circle. 

Since there are three arbitrary constants ' h, k, r in the standard 
equat£o» of a circle,. it is in general possible to impose three geometric 
conditions on a circle. The following - example will Illustrate this. 



Example 1. Fing an equation of the. circle which passes through the 
three points (1,2) , (-1,1) , (2,-3) . ..''•• 



• 
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Solution A. Using the equates x 2 +y 2 +Dx + Sy+F = 0,we write 
in tui^ the condition that each of «ie given points satisfies, the equation. 

I ^ 1* + D + 2E + F = t or D + 2E + F = ~5 

1 + 1 - D + • E + F = , or -D + E + F = -2 

1*.+ 9+2D - 3E + F = , or 2D - 3E + F * -13 " 

We now have a system of x 3 >quatioiu? in 3 unknowns; solving these by any 
desired method, we. find that 

We substitute these values in the equation and multiply by 11- to ototaii} 

« I ■ 

llx 2 + lly 2 - 23x + I3y - $ = 0^. • ' ° . . ; 

Solution B. Here we use the condition that the center (h,k) is., 
equidistant from any two points ,of the circle. We select tbeAfirst two 
point's and write this condition* ■ 

(h - l) 2 '+ (k - 2) 2 = (h-+ l) 2 + (k - l) 2 , or kh + 2k =.3 



»( —fc* *•« 



We then do the same thing for the last two points. ' 

* ' (h + l) 2 + (k - I) 2 = (h - 2) 2 + (k + 3 ) 2 , or 6h - 8k = U 
The coordinajes of the.^ectfiV pf the desired circle must satisfy both of 
these equations; solving them, we have * 

' C = (h,k) = (§f^ |f) • 

♦ 

Now, we find the radius r , the distance between C and any "of the given 
points, say the ftr'sir.". *"*■-"* •"" 



2- 
r 


- ( 1% " 


^) 2 + 


(2 ♦ i) 2 




Lrl) 


2 * (57; 


* 




• 


? 
22 




r' 


= ^3250 
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Thus the ^equation of the circle is 



Tne^tti&ent should' satisfy himself that this equation, when simplified, is the 
N same as' the one obtained in Solution A. What happens to the solution of this 
problem if the three points are collinear? 

" ' ' : " ; ' J ■' ' ' 

Example 2. .What is the locus of 3&c 2 + 36y 2 \- 36x + ^8y^ + 2k = ? ' 

* ^ ~ * \ . _ 

Solution . We regroup the terms and apply the distributive law to obtain 

..,-•'■ • • 

36(x 2 -*) +3 6(y 2 + ^y) = -{*.'■ 

We complete the squares by' adding the same numbers to each member of the 
equation, obtaining ;',', 

" '36(x 2 ^ x + J) + 36(y 2 +,£y + i) .= -2k + 9 + 16 , 
which ,ts equivalent to « 

> « 

■i 1 2 l 

Hence the locus is a circle v'ith center (— , «^) t and radius £. 

■ ' - .' 

Exercises 7-6 • • 

1. Rewrite the following equations to show what each locus is; if it is 
a circle, find the center and radius. 

(a), x 2 +y 2 .- 83k- \ V (e) x 2 +y 2 - x+ y=0 

(b) x 2 + y 2 - 6x - 10y + 33 = . (f ). x 2 + y 2 - 2ax - 2by + a 2 + b 2 = G 

(c)" x + y ■: J. kx + oy + 20 = (g) « 5x 2 + 5y 2 - 6x + ky + 2 = 

(d) A + y 2 + Hx - 9y + 60 = (h) 2x 2 + 2y 2 - 2ax + 2by - ab = * 



\ 
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2. > in- each of the following, find an equation of the circle (or of each 
\circle) determined by the given conditions and make a sketch. (LGt C 
a nrt r represent center' and radius.). 

(a) C - (3,-5) , r - 7 

(b) C = (^5,12) and; passing througtf ' the\ origin 
. (t) C ■= (3,2) and tangent to an axis 

(d) "r = 3 and passing through the poinds (-1,1) , (2, J 0, . 

(e) C « (1,2> and tangent to the line 3x - -*y - '12 = 

(f) passing through the points " (£,3)*j (5*l) » (Oyl) 

• * • '* 

3. (a) Use the fact that a tangent to a circle is perpendicular to the 

radius at Che* paint of contact to f in*-atr^5«ti^n of a tangent 

to the circle x 2 + y =25 at the point (j»-M • > 

' - ,-1222 

(b) Prove* that an equation of the tangent to the circle x + y =■ r 

> 2 

. ..at ifte point (x^) of the circle is x^i + y^^r . 

2-2 
k. (a) Find the length of a tangent from (3,7) to the circle x -f y -»25 • 

(h) Show that if -t ' is the length of a tangent from the point*- (x^y^ 

to the circle x 2 + y 2 + Dx ■'+ ?y + F ** , 

t 2 = Xj 2 + y x a * Eo^ + % x + F * 

2 

(c) If in using this formula you find that t = 0. , how do you 

■ 

• 2 

interpret this geometrically? Wha1> if t < f 

5. In Section 6-$. we considered* the family of circles through the conmon 

points of two circles j such a fami3tf is Sos»times called a coaxial family 
or a pencil of circles. 

(a) Find an equation of a pencil of circles through the intersections 

of the circles with equations ' . 

I 
x 2 + y 2 - 10x - 2y - 35 . * 0. and 

x 2 + y 2 + i* x - 6y ■-. h$ = • * '"""" ~***<- . 

(b) Find an equation of a circle of this pencil which passes through 
' the point (0,-6) .. t * 

(c) Find an equation of a circle of this pencil which has its center 
on the line x + 5 = ". V 
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6. In Section 6-5 we found the equation of aline through the common points 
of two circles; the same algebraic technique gives us the equation of a 
line, whether the circles intersect or not. This line is called the 
v. radical . axis' of the two circles. "Prove that the tangents drawn to two 
circles from any point in their radical' axis are equal in length. 

J. Find the coordinates of a point from which equal tangents can be* drawn 

§2 2 2 • 

to the three circles with equations x + y . s U , x +y - 6x + y = 12 , - 

A 2 ' 2 '* ■ ^ r 

x + y + kx - 3y = 15 • , . - - -J 

8. Prove that the radical axis of two*circles is perpendicular to the line 

of centers of the .circles. « 

& * * ■ *V 

-9. Two intersecting fcLrcles are said to "be orthogonal if the tangents ,at "" 

each point of intersection are^perpendicular. Prove that<if circles 



t*. 



2" . 2 . _ _ • . _ ' .v . 2.2 



.y + D x x + E^y 



+ F, =■ 6 and x + 



y + D 2 x + Egy + F, 



"1 "l* *1 " " ■ * ■ "2 

•crthogdnal, then* D^ + E^E = 2(F, + F ) . 

10.- Show that tfie following pairs of circles are orthogonal. -\ 

f 

(a) x + y + 3x - 5y + 6 = , x + y + lOx + 9, = 

(b) 2x 2 + 2y 2 + 2x + 1 = , 2x 2 ,* 2y 2 - 4x + 6y - 3 = 6 

11. Determine the constant k so that each of the following pairs of 
circles is orthogonal. 



are 



n 2^2 

\%i x + y 



3x + 



(bj 3x £ + 3y 2 " + 




\ / ' 2 2 
- 3 /=» , x + y + 2x-y + k = 



2 2 
2y = k „ 5x + 5y - x + 2y = 2 



V ■ • Challenge Problems 

1. The vertices of triangle ABO Jre the centers 6T any three circles which' 
intersect each other. Prove that their common chords are corieurrent. 

2. The vertices of triangle ABC are the centers of any three circles. 
Prove that their radical axes are concurrent. (Does your proof also 
hold for Challenge Problem 1 ?) v * " 
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7-7. The Ellipse ' * 

— — r •> -i» 

The ellipse - is defined as, the set of points P such that the distance 
from P to a fixed point (the focus ) is equal to the product of * constant 
e and the distanSe from P to a fixed litfe (the directrix ). The constant * 
e , the eccentricity is such that <e < 1 . In bur earlier, study we found •■ 

/ — : *•*■■ '. c - , 

that if we takeNas focus F- (d&) , and as directrix the line x .= -5 , and 

i O . 



let a = -' and t bVi/l - e 2 , an- elation for the ellipse can be written 



e 



* a b „ ■ ■■ . v » 

- . . ..■ ■■•'■. .'.■;.' 

We note from these relations that the equation 'of the directrix can also be 

2 "" * 2 2 2 2 ■ 2 

written x = — ", or x = | . Another useful, relation- Is c = a, e = a - b .' 

From Equation (1) we see/that the graph pf the'ell^pse is symmetric with ^ 
respect to the origin andN*Koth of t^e • coordinate axes| hence the point . 

* . ■ '*%*'' ' j 

F» = (-c,0) and the line x - - -^ also serve 'as focus.and* directrix. The , 

e "' ■ "- 

chord of the ellipse which contains the foci lBjeAled -the, major axis; its 
endpoints are caOled vertices , pie midpoint of "the majbr axis is called the 
center of the ellipse;, the chord perpendicular to the major axis at the center 
is called - the minor axis . ■ ■< • 

In Figure 7-4, parts (a) artd (c) summarize information about the ellipse 
wit^Bjuatioh (1), and also the comparable case with the role of the x-. ahd^ 
y-axes/ interchanged. ' ' •' ^ 

The equation* * . ■• \ (**-■:■. 



»■ 



If M and N are -positive, 'is in -the form of'an equation of an ellipse with 
center c = ( h|k ) . . whether the Tiiajbr axis is parallel to the x- cw-the 
y-axi.s depends on whether M or N . is larger. Using ' V,V« , _F,F« , and 
D,D» to indjcatejrertiees/foci, and Birectrices, we can summarize in 
Figure 1-k, P arts*(b)'and (d) , information about an .ellipse with center (h,k) 
-^ld axes parallel' to the coordinate axes. ^_ 
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For a^J. figures,' a '> b } and e = 
Figure 7*4 
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■""" If in Eguatida (8) M and 5 a«s negative, there Is no locus; some- 
times In tale case we speak of an imaginary ellipse. The equation . ■ . . 

■ / r -• ' •' (* - h) 2 A (y - It) 2 n ■ V 

^ - 1 ■ . \ , - - r • ' 

has as its locus only the point (h,k) < *. Such a locus is spoken of as a 
, degenerate ellipse or a . point-ellipfee , since its equation resembles that of 
an elUp'se. 

In discussing the ellipse and its 'properties and graph ire have, in this 
section, written the equations, in rectangular coordinates. All of the work 
• could have. been, done .using polar coordinates. If the equation of am ellipse, 
or any conic section, is in polar coordinates, you may leave it in that form 
* in order to graph^ and obtain such information as ^rdinates tsf focf and 
/ ' vertices. ' i 

The' shape of an ellipse varies with its eccentricity. As ypu see in 
* Figure 7-5, the -nearer e is to zero, the closer the shape of the ellipse is 







^ _ ,^, e = th e**6 e = .9 

, Figure 7-5 » 

* to 'a circle. You can see why the circle is spoken of as an ellipse of eccen- 
tricity zero. For increasingly large values of- e , the ellipse is more and 
more elongated. Can you explain this result from the fact that 

b * -/l-e - a/l - e 2 ? ' . 

Perhaps best known of the properties of an ellipse, is thai, for any pqint 
on' an ellipsfe, the' sum of the distances to the foci is a constant equal *to the 
length of the major axis. (The reflective property has important applications 
in'«opties and' radar: Sincfe a tangent at any point of an ellipse makeV equal ^ 
angles with the radii drawn to the two ftoci, rays are reflected from one focus 
* to the other. This property explains the "whispering gallery"* effect i-n some . 
haHs/ where a, whisper at one spot, though not audible nearby, is easily heard 
at some more remote spot. • The orbits of planets and the paths of electrons 
about the nucleus in an atom are approximately ellipses with the sun and the 
nucleus respectively at one focus. The elliptic form a>o opcurs in arches 
and gears. 

"9 8 
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Example 1. Discuss and sketch the ellipse with equation 

2 p '■*■''' 

• - 9* ^y + 5^x'- l6y + 6l « . 

^ Solution, We*proceed to rewrite this equation. 



is equivalent 



9(x^ + fix -f- 9) + My 2/ -^3^- 
alenfto ' 9(x + 3) 2 + k(y -*i 



4) « &L + 16 - 6l 



or 



2)* *-36 






.e 



Since 3 * is larger than 2 , we see that a = 3 , b ='2 , and the major axis 
is parallel to *the y-axis. The curve is an ellipse such as (d) of Figure 
J-k with center (-3,2) . The eccentricity 



/2 ' ' a 

/a *• b 



jB 1 ' 

-^> j hence ae = ^ and 



a 
e 



9 /- 

ff-r5 . We use these values and the 



/ * 

1 € 


1 


y 

•2 

/ 


* \ 


/ 


- \ ' 




X 



formulas of Figure 7-k (d) to obtain the 
coordinates for the" vertices, V = (-3,5)* 
V = (-3,-1) , and foci, P = (-3,2 + if), 
jF* = (-7,2 - if) , equations of the axes 
(x = -3 , y = 2)* and' directrices 

(y = 2 + £^5:) ♦ In making a sketch we 

usually locate the center first, and mark off from it the semi -axes; the 
values used for this (h,k,a;b) may all be obtained directly from the 
equation in form (d) of Figure 7-k. ' 



Vk-3,-¥) 



h- 



T 



Example 2/ , Write an equation of the ellipse with foci F = (2,4) and 



\ ^ 



F* i (-4,4) and; with e = | 



1 



, Solution . Since foa this ellipse the major axis is parallel to the 
x-axis, we shall use^orm (b,) of IJigure 7-4. The distance .between the 
foci is" . * 



therefpre 
f « 

Since e 



2ae - |2 - (-4)| ± 6 ; 
ae = 3 - r ,f ''. 



a = 



\ 



ae 
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2 2 2 2 
Using the relation a e - a - fc , 

♦ 2 2 2 2 

we have d i= a r & e , 



and 
•Ehus 



'.2 



h" «)25 
V »= 16 . 



Since the center is^ the midpoint of W" , C = (-1,*0 . We w write the 
equation - " 



« 



Exercises 7-7* ' ' - / 



1. Write an equation of the ellipse with Renter (3,2) , **.Jor axis eqfai 
to 12 and parallel to the x-axis, and minor axis 8 . Find the N j 

\ eccentricity, the coordinates of the foci and vertices', tod the equations 
of the directrices. Make ft sketch. m " ' 

2. Write an equation 'of the jgllipse with center at (0 t 0) , one vertex 
(3,0) : , and one focus (2,0) . • " « 

3. Rewrite the following equations in the forms of Figure 7-1*. For each, 
4 find the eccentricity the coordinates of foci and vertices, and 

equations of airectricesj sake a sketch. 

.(a} hx 2 + y 2 = k j. ' , f . - 

(h) Ux 2 ' + 25y 2 - 100 .^ , . 

(c) 3x 2 + 2y 2 ^ 6 . •' ) t ' 
1 * ... '• -l 

. (d) kx 2 + 9y 2 = 1 * 

Me) 36(x - lf) 2 .+ 25(y + 3) 2 = 900 

(f) Mx + 5) 2 + 9(y + l) 2 = 36 ' 

(g) 9x 2 *V 2 - 3&c = • _ 
• -(h) l*x 2 + y 2 ~+ 8x - 10y + 13 = 

* * 

(i) l6x 2 '+ 25y 2 - 32x + l^py \2*lf= , 

'' ' • . 100 



;/ 



. * ■ -» „ '7-7 

, k. Write Hui equation of 'an ellipse- to fit each of the fallowing conditions 
(letters are used as in Figure 7~k)\ . r _ ' ' • 

P^ (a) C.« (0,0) j major axis, 8 , parallel to x-axie; minor axis, 6 

(b) C m (0,0) ; V « (0,3). i F = (0,2) 

(c) C = (3,5) * directrix x * 10 , a = 5 

* 

(d) F« (3,k) , F» « (-1,4) , e »! 

5* What change must be made in the definition of latus rectum given for the 
parabola to make it apply to theyilipse? Find a formula for the length 
of the latus rectum for an ellipse; check that your formula, applies for 
all four cases in Figure 7-U. 

'■' ■■■■■' j • °' 

6. A focal radius of aj^ ellipse is a segaen^ dravta from a focus to any 
point of the ellipse. Prove that the sum of the lengths of the focal 
radii for any point on an ellipse is a constant, and equal .to the 
lengt^ of the major axis. ' . '■ „ -, ■ ' 

* * * 

T« I$Bove that an ellipse is the locus of points the sum of whose distances 
from two fixed points is "a constant greater than the distance between -. 
the two fixed 'points ., 



y- 



8. Construct some 

ellipse from given vertices 
. V,V* and foci F,F* as 
follows. Select -any point 
f P of the segment "VMT. 



points* of an, * "?**» - 3 "*^ 



-f f" 



With F as center and FV V . F' P F Ys 

as" radius, strike arcs above . 4 ' 

and below TV ' With F' 

s&b center anEf PV' as ' ' ' 

radiufi, describe 'arcs inter- - ~M^ ■^£ r ~ 

sect ing the ones firSt. drawn, * 
1. • « > 

and locating points R and R 1 of the ellipse. Then interchange F 

and F 1 and repeat, locating two more points, S and S' . Thus 

for any. point .such as P on the segment four points can be -located. 

Why do the points so located lie on the ellipse \{ith the given foci and 

vertices? /^ ' \ 9 
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"9. Const ruoi? an ellipse as follows. 
Tie the ends of a piece of . 
string to two thumbtacks. Stick, 
the tacks into a piece of card- 
' hoard &\ P and F* . Draw the 
string taut with a pencil point 
(P) and trace a curve. . Why is 
the curve an ellipse? Keeping 

the length of the string the . p 

same, change the distance J J , . 

"between the tacks and repeat tfce construction. What do you' observe? 

10. Use the locus definition in |bcercise 7 in deriving equations of 

(a) an ellipse with fixed points (2,3) and {6,}) and sum of focal 
rad-ii equal to 6. '^ 

(b) * an- ellipse with fixed points (l,l) and (3,5) and sum of focal 
,. radii equaVto £• * .^ 

"ll. Some writers' like to include the circle as a special ease of an ellipse., 

If a circle wi-bh-^Lts center at- the origin Is to bej thought qf'as an / . , 
ellipse, then a = b . What, then, is e t Is this, consistent with* 
the focus-directrix definition q/ a dbnic? ) 

*■ ' J - • r 

12. Show that bie ellipse with focus F-= (c,0) ,' eccentricity e , and directrix 
x "= -% has another focus F' = (-c,Cf) and another directrix x = g . 



/ ' .- 



13. Discuss and sketch the graph of r = ^ _ eQs .^ , including coordinates 

of the vertices, foci, and center - ! the lengths of the major and minor 
axes and of the latus rectum; eccentricity. f ' 

\k, ProVe that in an ellipse the length Sf the major axis is the mean . 
proportional between the distance between*the foci end the distance 
■between the directrices.- ""*** 

** ■ * ' - 

7-8. The Hyperbola ♦» 

< 

The hyperbola is defined as the- set of points P 



such that the distance 



from P to a fixed point (the focus) is the product of the eccentricity , e , 



roc 
fix 



and the distance from P to a fixed line (the directrix), with e- greater 



than one. In ou^ earlier study we £ound that if, as' with the ellipse, we take 

c ' — c « 

as focus % £^. (c,0) and^s directrix the line x =«-£ , and let a = g and 

e 
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2 . • 2* 
(Asymptotes: % ~ % - 0) 
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(Asymjtdtes : - ~ y£- = o) 
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I 



• / (b) " ii-hi! . k^f o x (d) _i^*ii + k^2i = 1 

a* 1 b^ b^ a^ , 

« p p O '* o 

* (Asy^totes: < x " ^ - ^ "- k ? = 0) (Asymptotes ; - < X ' h > + fr "A? = ) 

a d b% b ? > a 2 - . 



/a - •+ b 



For all figures ,^b = 
Figure 7-6 
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i, Th^ formulas for tod+_^~ 
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t • 

i 

b >= £Ve - 1 , an equation fdr ,th« hyperbola can be written 

i e » \. . 

(l) , ' .\-g g w *■ » ' * ^ «, 

*. , ' ■ pi ■ b \ 

The hyperbola has the same symmetries as the ellipse 

vertices, and directrices are also the same; these are summarized for the 

various simple cases in Figure 7-6. 

* ' ' . ' * • \ 

.Unlike the ellipse, the hyperbola is not a bounded curve. In part (a) 

of Figure 7-6, for example, we see- that if we take increasingly- large values 

for x , the corresponding values for y - are increasingly large in absolute 

value. On the other hand, tfcere are\values of x (in this case -a < x, < a) 

formhich there are no real values of \ y . If we solve (l) for. y. we get 

a 

For very large values of x , the values of y in the' first quadrant aqjy 

very nearly equal to — x ( corresponding comments apply in, the other quadrants). 

a 

Thus^we see intuitively that for -values of x that are sufficiently large in * 

absolute value, the distance between 'a point "on the curve and the line with 

equation y = -x (or y = - -x) can be made arbitrarily small. ,Thus these 
a a 

• » 

lines are asymptotes of the hyperbola; in Figure 7-6 they are marked A and • 

* * s- 

A« . You may wish to refer to Section 6-3 where there is a detailed. dis- 
cussion of the asymptotes of a particular hyperbola; it applies here. 

• • • 

To make a sketch of a hyperbola we first locate the vertices, and then 

draw the asymptotes*. They are drawn easily since they are diagonals of the 
rectangle "with sides 2a and 2b / located as in Figure 7-6. The segment • 
W , of length 2a , is called the transverse (or major) axis of the hyperbolar 
(The'line segment joining the points (0,b) and (0,rb) , of length 2b , 
*jL of part (a) of Figure 7-6 is sometimes called the conjugate axis.) From the 



P 2 2' 

V " relationship c = a + b. ,' we see that the length of the diagonal *of the 
"^rectangle is also the distance between the foci. We may use this- fact to 
locate the foci. , ' . 
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Co njugate -hyperbolas are cancan* 
•tric hyperbolas with the roles of thet 
transverse and conjugate axes inter- 
changed. The equations 



. "-* 



2 2 
■a*^ b * 



and 



2 
a 5 b 



2 

ij « 1 



V 



v 



regyesejit conjugate hyperbolas. As 
shown in Figure>f-7», they have the 
same asymptotes, and their foci lie on 

a circle with center at, the center* of 

C 




V 



Figure 7-7 






the curves. , _ 

' ■ / ^ .ft 

A hyperbola; is called equilateral (or^ rectangular ) if the transverse 

andjfonjugate axes are equal. In this case the rectangle we have used In 

sketching is a square, and the asymptotes (which are diagonals) are per- ,' 

pendicular. You may have* studied the family of*, Equilateral hyperbolas Jtfith 

* . ' _ ■*'*%■ 

equation xy = k 

^asymptotes. 

* For*any pofnt of a hyperbola, the absolute value of the difference of 
its distances frdra two fixed points is a Constant. This property is some- 
times used to define a hyperbola; «it has applications in range fining and 
LORAN (Long Range -lavigation). Both of these use intersections of families 
of hyperbolas. As with the ellipse, a tangent at any point of a hyperbola 
makes equal angles with radii ^drawn to the foci; for the hyperbola, however, 
the radii are on opposite sides of the tangent.^, 



These are hyperbolas with the coordinate axes as 

jreribe 



« 



\> 



.* 



' Bxaaple . Find the equationa of the asymptotes of the hyperbola with 

2 2 m * 

equation 9* - ^y + 5^x + 8y ¥ Ul = . Sketch the curve and its 

asymptotes. ' 
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Solution . We rewrite the equation, f ollowing the same procedure .as* in- 
Example 1 in Section 7-7» getting the . 

• equation • 

L 

g— «- - — 5 — 

2 3% 



1 . 



lMs is in form (b) of Figure 7-6, 
with transverse ax/s having ,a length 
of 4 », the conjugate axis 6 j the 
center -i$ C =*(-3A) . To obtain 

A 

the equations of €he asymptotes, we 
write , • t 

2^ «• 3.' 

or* 3* + 2y + 7 = and 3x,- 2y + 11 = . To make tHe site ten, we^locatie 
the center fc , draw through C - lines parallel to the^ coordinate axes, an^ 
mark «Srr" on them the lengths of the,%eml-axes. "Next we draw the rectangle, 
its diagonals give the asymptotes, and^we can aketch the curve. ■ 




' '' Exercises 7-8 

*■ 7 / 

l.« Write an equation of a hyperbola with semi-axes 2 and ^ * center at 

the o^gin" 1 , a^d transverse axii-oa the x-axis . Find the eccentriciily, . 
the coordinates of the vertices and foci, and equations of -the direc- 
trices and asymptote's. Sketch Ithe curve. * ." 



., bvi- 



hltl 



2. j Repeat Exercise 1, but this time let -the transverse axis 



be c?n 



the 



y-axis . 



/ 



J. Write an equation of a hyperbola with center (-2,3) t semi-axes k 
( ' and 3 , dad .transverse axis parallel to the' x-axis. Bind the 

eccentricity, coordinates of vertices and foci*, and equations of 






directrices and asymptote/. Sketch *the curve. 



;e#. 



J 



k. Repeat Exercise 3, but this time have the transverse axis parallel to 
the y-axis. 



.*' ) 
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For each hyperbola whose equation is given, find the eccentricity 
•the length of the semi -axes; the coordinates of center, foci, and 

vertices; the equations of the directrices ' and asymptote^ f Sketch the 

^ * 




curves ._ . 

t \ *#> ^ 7 

(a) x ■*- y =1* 

(b) .y 2 - x 2 - 1+ 

(c) ^x 2 - 9y 2 = 36 



1 




(d) 11* V 
<e) 



25X = 36QO - 



x 2 - 1+y 2 - 4x + 2l*y - l6 = 



6. 



7. 



8. 



For^ each part of Exercise 5, write an equation of the conjugate 
hyperbola. , 

Find an equation of the locus, of a point such that the absolute value 
of the difference of its- distances from the points (5,0) -and (-5.0) 

i6 6 .. , y 

Find an equations of the jLoctts of a point such that the absolute value 

of the' difference of its distances from the points (l,l) and (-1,-1) 

t 
i§ 2 . What is the eccentricity of this curve? 

Proye that a hyperbola is the locus of a point such -that the absolute 
value of the difference of its distances from two fixed points is a * 
constant which is less than the distance between the fixed points*. 

What is. an appropriate definition of the latus rectum of k -hyperbola? 
Find a formula for the length of the~~Tatus rectum of a ^hyperbole,; 
check that your formula applies in all four cases of Figure 7-6. . 



. 11. Construct some point's of a % hyperbola as follows 



F,F' and a length 2a 
(2a<d(F,F*)) -. Vith F &s 
Renter and any desired radius r , 
describes an arc. With F' as 
center and radius of length 
r + 2a , describe an arc inter- 
sefcting the first arc 'at points' * 
F and P* . Then use F* as 



10. 



a center wi 



tfcr radius r , and 



radius 

K 



24 



/ 




> 



F ( wj.th radius r + 2a , bbta^nirjg points'' R and .H^ . Thus for & "* 

particular choice* of* r*. fdur pbints'Jin be located. 2why do the points 
so. located lie o*n a hjtoerbola? . / ~~ # . ■ 

■ * in'-- ^ ' '' ' 

301 1 'J / - . , 

• ■• ■'■/•'-• '"' 4\ 
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12. Prove that the ^ptSfctiori* x « a sec 0^ y - hr tatf9 are a parametric / ■ 

■'■Mi • ' ••*&&>** l " ■ . . - " C »v • 

* * < ret»resenta4^S8 of A toperbola. , v - *\ 

■,.■.'...» * * * 

13. See if yowljan devise a 'aSethpd of constructing a hy^ertal^'which uses 
the equattoas/'in. Exereijre.,12. (Hint: See Section 5-^-) . s - - 

,1k. Find equations, o^ the e^uilateHD. hyperbolas through the point (3,-7) , I 

•\ • ^ •*•■":■ '■ . • I 

# ■,* * . • • •■ f 

fa) with the coordinate , axes 4s-' asymptotes . • 

r *«">',.'■' - f ^ ■. * ■ * 

(b) with axes of- th#* hypferbblst along the coordinate axes. « 

2-2 t . ■ - *, ' . 

'15. Just ad' ^» '+ 2L * was considered an equation of a degenerate ellipse,' 

a .0 , 

f 



we may speak'of ^w - £* ■ <as the equation of a degenerate hyperbola. 

a b 

. • . • * • 

What is the locus in this caee? "- ' . «». 



7-9. Summary / • 



? V » 



.A conic, section is thft intersection of a plane and a right circular cone; 

i£ is a circle, ellipse, parabola, hyperbola, or, in' a degenerate case, a ** 

■ - ■> . . 

point, line, or pair of line!. 

"* • In polar coordinates a t circle with center at the origin has the aquation 
r » k . Any other conic section may be defined as the locus of points in a- 
plane' such that for each point the ratio 1 of its distance from a given point 
in the plane to its distance from a given line in the plane is a constant e ., 
called the eccentricity. Such a .conic, if the center is at the pole and 

aArectri?* perpendicular .to the polar axis and p units to the left of it, 

< . ' * * "* 

has 'the equation t * ■ 



V 



\ 



ep 



r = 1 - e cos b ' * representing 



a parabola if e ■= J. , 

an ellipse if < e < 1 , 

a hyperbola if e > 1 . 



1^ 



Ihe, equations that relate polar and rectangular coordinates were used to 4- 
«^ • find .corresponding rectangular equations. !Biese were seen to be equivalent 

to the equations developed in earlier work ta algebra. Since the information 
about the conies .in rectangular form is* summarized at the beginning of the 
sections (7-5 through 7-8) dealing with each type/it is not repeated^again 
here. ■ . "*- . g 
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• *'Ooaic sections have vide usefulness In theoretical jworkafcn mathematics 
- and sejenoiwlmd in applications $o » great. variety of problems in science * * ' 
and industry}"' it lias been possible to, mention only a. few here; ' ' * ■ 

With*thi& chapter, we "conclude, .for the time being, our study .of the k 
analytic. geometry of^ two- spate. . We shall take up next the analytic geometry**-, 
of thxee-spa'c'e. L«fcer, if .time permits;^ there may be an opportunity to 
return again to .conip sections in order t?0 consider the general 'problem, of . - * 

vsboviflg. that »11 equations of second degree is* x and- y 'have 'loci whieh 

• t • . *"\ • ■ * •■ i. ■ ■' '' ' '. * « . 

* are' conic sections , and then : t5> relate the corresponding algebraic and geometric. 

* *'. 1*; '" •;■-■■ . •■ '- '*'.-■• •" ■ >■■ : '■ • • • 
1 properties; ■ .' . 



*: .- 



,'* 



\ - 



» . 



\ 



Reviev* Exercises 



1* Ste€5!r-the graph of each of the following equations. , Identify each 
conic section, -ahd give the appropriate information. {foci, vertices, 
center, eccentricity, directrices, asymptotes, etc.) '... y 



<>'. 



(a) 


3r - 2 = 0' 




(bl 
(c] 


J r = 2 cos 9 
8 ' 


* ** 


1 - cos 8 


* 


(d] 


k 


- 


r " 2 - 3 cos j& 




(e] 


I 2 - c(5s e = - 

r 




it) 


12 




3 r 3 cos 9 

* 


V 


is] 


Ur = 3r cos 6 + 2U 


S' 


Mh 


f r =,U - r sin S 


" * 


(i 


i r = 3 + 2r cos 6 


k 


>(J 


2 2 
i x - hx + y .+ 6y + 


13 = 


.(k 


) 3x 2 - |?y 2 = 6 




(1 


) y 2 + &e - 6y + 25 = 




a 


'(m 


} 2?x 2 + 36y 2 + lOQx • 


f 288y - 2i 


(n 


:' 2 2 

) 3x + 5y - 6x + 20y +8=0 


(o 


2 2 

) x + y - 6x + lOy - 


v 3U* = 


(P 


) * 2 - 3y ? + 8x - 6y - 


■ lU,a 


: i* 


) lUl*x 2 - 2^y 2 + 5?6x 


+ 15Qyi--; 
3P3 



y 



\ # 
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■■••*■ • ", . . . . . 

&• Write an equation #>r each, of the following airft Sketch the grs$h. 

(a) A fearabola, with vei^ex (0,0) r»ad focus. (-5,0) .*'»^ ' i. 

(b) A parabola vitk vertex (J, 6)'- and directrix -y » -e ., 
"(c) A circle vitK radius 5" 'and tatfgent to ^pth axes. - 

•(d) 'A circle , with -center "C = (I,? 1 *) .atid paseijig through , (3,-2) .. 
".(e) A circle tangent to the line* yr - 3y ,- 2 *; •, passim thr&ugh 'the 

. poipt (*2,0) , and. with- center on the y-axis.,« ** 

. ^(f ) A circle passinr through- ,th*e points "(0,4) ," (6,6), and (v2,-10) . . 
" .(g-J An ellipse 'with center (2,35. J a vertex (5,3) ., and' a directrix 

-x o -*'// . • .....* ■/ " ' -»-i ■ , . / % 

(h) An ellipse with a focus (-$,'5) ,• and directrices y = 6 and the w 
• x-axis.. . » > * • \ .. •^ 

(i) A hyperbola with foci (-i;i) and (5/1 )r , fend a vertex (0,l) . 
(j) "A hyperbola with asymptotes. '3x ->y =• * 3x^+- % = X) /and 

passing through the pointy (3,5) • , , 
(k) A parabola with axis parallel -to -the y-ax^s*, passing .through the 

points (2,li)., <0,5). and (-1,8) . J. '" ' ■■ ' 

• • • * 1 

3. Find an equation of . the loeus of *a point whose distance^from the point , 
(-1,10 is 2. units more than its distance f rofc the line y + 2 = , 

k. Find an equation of, the locus of* the center of a circle which is tangent . 
to the lliBr x = 3 and passes* &0&\ (.1,-1) • Expl&in from geometric 
considerations why this locus, m&t be% jparabom, # _ 

• ^ . - * * / ' / 

5. Find the eccentricity of an ellipse" whose, major axis is twice the length 

of its minbr axis.^ ■■ t 

. 6/ Prove that the equations x =& cos 6 , y =? b sin B are a parametric 

representation of an ellipse. 

• - 

7. Find an equation of the loeus "of a point which moves so that its distance 

'from the point (o",2) is W:-half its distance from the point (3,1) • 

8. Prove that the product of the distances from any point on a hyperbola 

to the asytfcptotes is a constant. 

♦f 

9. (a) If the ratio of the length of the conjugate axis to Aie length of 

the transverse axis of a hyperbola is 2^ what is^ie eccentricity? 
(U)-. If the ratio is k , find/ a formula for e . 



Ho 

30U 
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11. 



Ik. 



■■■/■ 



10. (a) Siov ihat x 



tr 



+ /T7t 



y-e 



are parametric equations 



of a circle, (These aquations are sometiaieB useful in"* calculus'. J . 
* * 

(b) What is the-gvaph of the equations in (a) if only the positive '■ 

signs before the >adicals are used? If only the negative signs? 

(c)"' Show tjhat these parametric equations do not represent the points 

Cr,0) and (-r,0) f Since this is, the case) what would Joe a 

more precise way to state fa) in this exercise? . . 

Prove that, for the conjugate hyperbolas, whose equations are 



2 
x 

a 



7 



•»» 1 .and 



2_^ 



+ =-75 = 1 , -the sum of the squares of the . 



a 2 b* r 

reciprocals of the eccentricities is one. 

12. A curve is defined by the parametric equations . x = a + k cos B t 
y = b + k sin 9 , where a, , b , and k are arbitrary constants 

(k £ 0) . Find jrfi equation of the curvi% in standard rectangular form 
and identify it. What is the significance of the requirement ishat k 
not be zero? * 

13. An archway is- in the shape of a semi -ellipse. Toe distance across the 
"base of *the archvay is 30 feet, and its maximum height from the hase 
is .20 feet. What should be the limit on the height of vehicles- using 
a ceniarally placed 20- foot wide road under the archvay? (The posted 
limit is such that a vehicle of that height,.a£ the eige of the road 
but not off the road, will have clearance.) 



-• 



The cable of a suspension bridge 
hangs in the form of a parabola 
from supporting' towers 600 feet 
apart. The points where the cable 
is suspended from the towers are 
100 feet above the roadway, and 
the lowest part of .the cable is 
10 feet above the roadway. If 
there are supporting" structures 
to the cable from the two points 
on the roadway each 2©0 feet , 
from the base of the towers, how 
high must these supporting 
structures be? 

305 
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.15. , "Prove, that the product of the focal radii from a point on an equilateral 

.• hyperbola i« equaM to the square of tha distance from.. the point to the 

»''.■'''-. • 
/ center. . , - '. - * •' 

. •■ . ' . ■ * 

16. (a) Write an equation of the family of ellipses with the origin as 

•J^center, , "major axie.^ong the^bc-axis, and eccentricity equal to 5. , 

-■■''' ' •» ■ ' •* • , ... 

(b) "Write an equation for the member of this family with the length 

<jf the mirfor axis equal to 12 . . . 

f ' ' . v ,.* 

{c) e Write an equation for the meaner of this family VhicR passes t - 

* 12 
through the point, (^,^) * ' . ' ■ 

, P « * _ 

* r 

17. Prove the following statements*analytically. 

(a) A radius perpendicular to a chord bisects the chord, 
(b)' The perpendicular from any point of a circle to a diameter is ther^ • 
mean proportional between the segments of the diameter. 
• ""(c) The locus of a point such that its distarice from one fixed, point 
is a constant multiple of its distance from a second fixed point 
" is a circle. (What restriction must there be on the value Of the 
constant for this to be a correct statement?) **> 



Challenge Problems 

*L. Prove that in a hyperbola an asymptote, a directrix, and a line from«the 
corresponding focus perpendicular to the asymptote are concurrent. 

2, On a map marked with a rectangular grid .using a mile as a unit, three 
listening posts are at A = (0,0) , B «. (2,0) , and C «= (0,V) . An 
' explosion is heard at A 5 seconds after it is heard at B , and 8 
seconds after it is heard at C . ^Where did the explosion take place? 
(Use 0.2 mile per second as the speed 6f sound. Find equations of the 
two loci involved, and find the, appropriate intersection either by 
graphing or by Using the equations of the asymptotes. Do you think that 
it is sufficiently accurate in this case to assume that" the asymptotes 
meet at the point you want?) ^ ' 
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3. A taxpayer changes his residence because of a change in his place of work. 

'For his moving" expenses t,o he allowed as a deduction under the Revenue Act 

of 196^,- it is necessary* (among other requirements) that hie new principal 

place of work be "at least 20 miles farther from his .former residence 

than was his former principal glace of work." 

>■ ■ ' 

Suppose a man's -new employment is at a place 30 miles from where he 

«« *• 

was previously employed. Let P = (x,y) represent the location of his 

old home. Write in analytic form the condition*' under which the man would* 

% be entitled to deduct moving expenses to a, new -home. (Suggestion:, If 

» x » • 

« v^ and W 2 are points representing, the *old and new places, of employment 

^ respectively, let W^g be the If-^xis, jmd let the midpoint of tfJTJT . be 

;the origin. ) . . 

$ ■ ' ' 



\ 



* h. For the- parabola 



r ■= 



^ _ CQS g , , prove the reflective property, that is*, 

tangent to the parabola at thd point F = tr-,0) makes equal angles 
Lth the polar radius "6§ and the line' through P parallel to the polar 
axis. . - « 



iwith 



t. V 



5. 



Prove analytically that, in any triangle, the midpoints of the sides, 

the feet of the .altitudes, and the points halfway between the vertices 

and the orthocenter lie on a circle. This is called the nine-point circle. 
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i Chapter 8 *j_ , • * 

TBE LUBE AHD THE PLAHE IN 3-&A£fe 

8-1, IHie Extension to 3 -Space . . .**' , , * A . • ' « 
/ .'-'■■ * > 

. To this point In our study we have sought analytic representations qf sub- 
sets, of a pjane; In turn we have sketched the 'loot, or graphs, of both alge- 
bralc and vector relationships with -the assumption, usually tacit, that their 
geometric interpretation was confined to a plane 09 a line. 

Our previous experience in geometry has been largely in a plane; even 
\aen we did consider geometric eonfigurations in space, ve frequently pursued* 

our investigations in only one or two planes. 

■ # 
- * It is easier to analyse loci ina plane, but we live in a world of three 

dimensions. If we are to apply our geometric knowledge, to physical problems, 

we must be able to extend our concepts to 3 J Bp&ce. . 

In this chapter and the next Ve shall consider the basic extension to 
3-space of the ideas which we have already developed^ we. shall even suggest 
how repetition of this process, leads to mathematical structures with more 
dimensions, which are called spaces, even though we aanpot possibly visualise 
them. - - • 

In this chapter we shall be extending some of the ideas of Chapters 2 and 
3 to 3-sj>ace;:you might want to review these chapters Tsriefly^ before you con- 
tinue. 4 We assume that you have had some experience with rectangular coordi- 
nate systems In 3-space, but we shall reconstruct the development. We shall 
consider the analytic representations of }.ines and planes, and we shall make 
suggestions on sketching to help you visualize the^r graphs. The extension pf 
' vectors to spaces of higher dimension is surprisingly easy; this is another 
reason for the favor vectors find in contemporary analysis. 



One thing you might keep in mind. The locus of a condition depends upon- 
the space to which it is applied. We have already seen that the equation 
x o 1 describes both a point on a line and a line in a plane. Here we shall 
see that it also describes - a plane in 3-space. In spaces of higher dimension 
it would be subject to still other interpretations. In general, analytic 



3Q9 1 



ll K . r 



i 



a-s 



'V 



representations describe loci in any space which has at least as many dimensions 



^ 



^) as the analytic represeirtiation has independent variables . To describe the locui 
* !."'■".■ 

we' must first know the number of dirftensions 6t the space in which, it occurs. 

...'-$■ ., 

, . * % ' . '^ ■" 

• .«»•■ .. 
8-2, A Coordinate System for 3-Bpacc . • 

.- ■* * s " »* . . 

In Sections 2-1 and 2-3 we discussed rectangular, coordinate system on s 

■ * » ■ 

line and in a plane. Nov we shall Indicate how a similar coordinate systeip 

• ■■ * * ■» a 

can be introduced intq 3-space, , u , ■ 

« '. We begin by- selecting an arbitrary point in space and ;thrae mutually 
perpendicular lines through . .. The point* is called thf origin - of th* , 
coordinate system and the lines are called the x-^. y_^,* and z-axes. On each 
axis we- set up a linear coordinate systejtTwlth point as its origin. . The 
plane determined ( by the x- and y-axes is called the x y-plane . The xz- and .> 
yg -planes are defined similarly. The three are caVLed the coordinate planes . ■ 
Let P* be any point in space. Let a be the coordinate of the projection of 



P on the x-axls. 
ordinate*, Bty b 



a is called the x- coordinate of - P . The £- and -z-co- - -- 
and c respectively, are defined similarly. To the point 
P we assign the ordered triple (a,b,e) of coordinates. Just as in the' 
plane, the correspondence between points and ordered sets of coordinates is '. 
one-to-one. ' The coordinate planes divide space* into eight regions called, not 
unnaturally, octants . Usually only one of them is. lumbered, and it is called 
and is the one in which all the coordinates of every point are 
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(a,0,c) 



* 


f 

(0,0,c) 


\ 


1 
* 

(0,b,c) 


- y 


^^^ 


/p==(a,l 










• y . 
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"(a.b.O) 


0,b,0) 
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Figure 8-1 
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One point *(a,b,0) la called the pro^ec£ion of (a,b>c) on the 
xy-plane. . She point (a,0,0) is called the projection of (a,b$c) on the 

x-axls, and so forth. * "**'** 

■.■♦.-• 

S E»e configuration <of axej^shown in Figure 8-1 is'"caUed a right-handed 
system because a 90° rotation of the positive' sfde of the x-axls into the 
positive side' of the y-ax£s will advance a right-handed screi along the 
* positive side of the z-axis. We shall use this system In drivings in this 
: text. If the locations of the x- and y-axes are interchanged, . as you vill vV 
find that, they are in some texts, the system is left-handed. 



• % 



Distance ^Between Twajqlnfo : <lTe say use the, Pythagorean Theorem to 
develop, a formula for the distance >etween.tvo point's In space. If -Hie points, 
are* P Q » (xo*y *s ) and 'P^'o (x^y^^) , the distance between them is * 

I ''■ ' ' / ' '' ' . -v 

CD ■ dCP^P,) « A^i - s^ 2 + <jr x i y ) 2 + (k - */ • 

Points of Division ; An extension to 3-space of the method used in 

Section 2-3 to obtain the coordinates of the point which divides a line 

* c 

segment In the ratio ■= gives us, for the segment P.P. ', 
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c + d 



/ 



In the special case when c = d , we h,ave the midpoint, «with 

X + X l 



x = 



(3) 



y o, + yi 
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*0 + *L 
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Exercises p-g 
■ » ■ * ■ * 
Draw a sketch shoving each* of the following points in space: 






(•; 



\ 



5. 



(a) % (1,2,1) 

(b) (-2,1,1) 

(c) (2,0,-1) 
Cdj* (1,-1,2) 

In Exercises %2,' and' 3, 



(e) . (-1,-1,2} 

(f) (-1,-2,-1)1 



(g) 
(*) 



(-3,1,-1) 
(1,-1,-2) 



F^nd d(G,P) ,.d(O f Q) » d(P,fl) ,and,d(Q,B) . 

• »". « . • __ v. . • .. . 



P * (1,2,3) , Q » (-3,2,1) , and R - (3,r3-,l) .i 



Find the midpoints of d¥ and W >. 



,k, (a) Draw 'IS , about 3 inches 



IS Bfi 1&-. 



iong^ oblique to. the edge of 
your paper. Consider AB* as 
drawn from the rear lower left* 
to the front upper right corner 

* 

of a rectangular solid. Next 
drav oblique segments from A 
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v* ■- 
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f 





to P and from E to Q 
equal. In length and parallel 

but with opposite sense of 

V s 

direction. If> as is usually f -, 
• \ -. . 

the case, the solid is to be oriented with respdct to rectangular 
coordinate axes, make AP and BQ parallel to the x-axLs. 25ien V^ 
.draw a rectangle with horizontal and vertical sides and with P an$ 
B as opposite vertices; this is the front face. The back face is 
another rectangle with A and Q as opposite vertices. Two more 
segments complete .the figure. \ 

Now start again with the same kind of diagonal segment AB> , but 
consider it drawn from the front lower left to the rear upper right, 
and draw the new solid. This time reverse the directions of 0[P . 
and BQ . Now A ■ and Q are in the front face and B and P are 
in the back face. " j 

The origin and the point P = (3,5,^) are the .opposite corners of" a ' 
rectangular box that-has three of its edges along the axes. Draw the box 
" and givefthe coordinates of its other vertices. • 

6. Repeat Exercise 5, using P = (~%k,-3) - 



(b) 
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• -I. 
V « 

. ' r ■■-■■ 



.■/■■ l - - ■ --8P3. 

i , ' ■■•'.' 

* '.'-■. 

7- Given: V^.m (2 s ' T 3,k) and Pg - (-l,3*,-2) * i ' . 

(a) Jfe&e a drawing which' shows P , P , «nd PT^»_ . - 1 

,^12.12 • * 

, # (b) Write the coordinates of th«» pointajfctch are the projections at • 

j Pj- and- P_ on each of the axes and on each^f the Tfeordinate 

planes. - ' * 

(c) Find the length of P^ and the length of its projections on the 

''..„■' • ' ' « 

, axes and on the coordinate-flalanes, ' • 

8, Repeat Exercise 7, using P. =-(-3,5,7) and P ' « (3,0,«t3) . ■ . ' 

- ' • • '.'■/. « 

9. If P 1 » (3,-^,6) and ,p « ,(-2,3,-2) find the coordinates of point P " 

-, . on P*F 2 'if . ■' \ . .' « 

(a) P is the midpoint of P_F •, 

» ■. 
(b). d(P 1 ,P) % «|d(P,P 2 ) . ■ ." - 

^ (c) afp^p) =|d(p,P 2 ) '. ^ , f 

• (d) d(P 1 ,P) -|d(P,P 2 )- . \ • ' 

(e) d(P 1 ,P> = Id^^g) 

(f) d(P 1 ,P) =|d(P 1 ,P 2 ) •' 

10. In triangle .ABC , A = (2,4,1) , B = (l,2,-2) and C = (5*0,-2) . Find 
the lengths of the sides of this triangle and decide what kind of 

. v 

triangle it is. ' , , 

* ' ■* - * 

Challenge Problem 

We introduced a coordinate system in 3-space by selecting three mutually 
perpendicular lines through an arbitrary point. Show that this is possible. < 

«» ■ 
8-3. Parametric Representetion of the Line in 3 -Space . 

Our discussion # ln Section 5-£ of the parametric representation of a line 
fc ih a plane.generalizes quite easily td" 3-space. Let P^^y^O a*^ 

F,(x_,y , z.) be tvcvpoints-in space and let L be the line through them.^ 
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t 



Assume for the time betag that, ^L is not parallel to or lying & any coordi- 
nate plane, Dien P Q and P 1 - cannot' both lie in the aQr-plane and w' let F^"" 

he one nhieh does not. fcenee P^^ j and C^ifcjO) ?" wt col^inear and 
determine a plane M containing I» . -M • *p.terseclis the ^ay-plane in a line 
L* called: the projection of L on the xy-planeJ Since the line containing 



P. and (x.,y, f O) is perpendicular to the apsfl-ane, plane M is 



* 



perpendicular, 
to tke xy-pl«tne. Hence the line from F^ perpendicular to the jQT-piane ( and 
thus intersecting it in the point (at^y^O)) lies in plane M and is a'point 
of ti , the line of intersection. - 



• I 



J 




Figure 8-2 



^ 



From our previous discussion, we Hnow that L'' has the parametric 
equations , 

X = Xq + tC^ - x ) • 

(1) • 

y - y + t(y x - y ) . 

i ■* 

We would have a parametric representation for L very similar to the one we 

* • a * 

obtained for a line in* a plane if we could show that if P = (x,y,z) is on L 

z = z Q + t(z x - z ) . 



ik+y 
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Clearly • • . ♦ # ' 

"■*>/#■•%'. * « •" 

- . . / c y 

for suitable s . The question is, Ip, a equal to t f That it is can ,1 
pWd as follows. Let V ba the projection of L on tin ys-i*ane. :]**-[ 
ijajfthis plane L" *has the parametrlt representation 



V 

juitabl 






(2) 



y » y Q ♦.a(y 1 - y Q ) 

2 - Eq + s( Zl - Zq) 



U 



Proa (l) and (2) it follows that for each point P - (x»y,sO of L , s « t , 
and hence L has the parametric representation 



V 



(3) 



X » Xg + tC^ - Xq) * 

y « f y Q + t^ - y Q ) 



We leave it to the^student as an exercise to' prove that (3) represents 
L even if L/ is in or parallel to a coordinate plane. 

~* To savdfWiting, let *i & x. - x_ , a. = y 1 - y Q , and n = z^ - z Q . 
We call (|,m,n) an ordered triple of direction numbers for 1 . If c/o 
the equations 



x = 



+ cit 



y = y + cart 

.„ z o e_ + cnt 

also represent L . Thus it is natural 'to extend the definition of 
equivalence of ordered pairs of direction numbers for a line in a plane* to 
/> ordered triples of direction numbers for a line in space. Two such ordered 
^triples are. said to be equivalent if corresponding numbers are proportional. 

■ 

Let L -and l^ be the lines with parametric equations 
x ■ => x_ + it | x s It 

' L*: , {y * rat 



\ 



y = y« + art 
z = z Q + nt 



z = nt' 
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n 



r 
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• ,> 



and assume ^yfloes. not g^^prugh <the tfrigint SChen, 









ftavwe 



•ad ^ 



> 



r . 



^ 



7 



a, 



* .'« 



enfuLL prqjve, x^ v * 



A" , > 







• Figure 8-^ 

parallel. Let P^ » (x^ + j/y^.+ a , z Q + n) /Q-*„(j,m,n) • #hep. P^ and .X 
¥ Q (x o! y >ZQ) are on L; p and Q ' are on L' . Sie feddpoint of 5?^ is -, * f 



/x Q + J y^m ^ + n\ * .* 



M JLa also the midpoint of P Q Q ." Thus OP^P-Q is a plane quadrilateral n 

vtfbse diagonals bisecfr each ottier and hence is a parallelogratti. " It follows 
that * L and L* are parallel. The folio -wing, theorem is an almost immediate 
consequence of our arguafcnt. * ^ ^ ' 

THBQRH4 &.I . Two\istinct lines L and L* are parallel if and only if 
any triple of direction numbers for L is equivalent io any one 
for L 1 . ' 

As in the plane, a set of direction numbers for -a line can be used to 
establish a direction on the line. Let (i,m,n) be a triple of direction 
numbers for the line L . If P «= (*Q»y >O is a point on L , L has the 
representation 

s x = 



**v 



/ 



K 



X = x_ +*4t 
yV y Q + nrt 
z = z_ + nt .' 

\el2l 



.1 



\ 
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The positive ray (on- t ) with endpoint P_ is the set of 'points consisting 
of P Q and all points of, L given by positive valines of t^. " If P ia 
another pofctft of I , the positive ray with endpoint. P. points in the' same 
direction as the one with endpoint f- in'the sense, that their intersection 
is one of them. If c > , the triple (qjP7cm,cn) of direction numbers 
for. 1^. establishes ,the samS positive direction on IT as does the triple 

* ' * 

■ ■' ' '- ■ . \' ' 

• * If .(i,m,n) is a triple of direction numbers for L , the triple . 

v 

.UjM-jv) a f " : " '» ■ - — — ;- ■-—■-.. .. ... ■ -. ) * 

' • \//& ; m 2 * n 2 flFTTTT' 1 A a + / + n 2 7 > 

is of particular importance, fe&ch a^t^Lple is sometimes .called a normal \ zed 
triple . Bote that ^ + p. + V : '= 1 " ' -™^- .. . - 



Let .us assume frEfifc' that L goes 
• through the origin. The point p = (^,p.,v) lies on L •■'■'an*.' d(0,P) ■= 1 « 
, Figures 8-l*a and 8-Ub show the situation vhen ?i>0,|j.>O f v>Oj. 
and/the situation when ^ < , jj, > , v > 0* respectively. In boph capes, 
\l = cos , where p is the angle determined by the positive ray on L 
*wlth endpoint 0- and the positive half of the y-axis. ex and <y are defined 
similarly, with the positive halves of the x- andAa^axes. respectively, 
replacing the positive half of the y-axis.' • 






fr,0,0 




P - (\,IL,\>) 



(>,o,o) ^ , 



(X,ji,0) 




(o,n,o) y 



Figure 8-i« 



Figure 8-1* 
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J - 

If L is the x-axls, then any triple of direction numbers for it has 

the, form (j,0,o) . . If J > , the positive ray with ehdpoint 0. is tfce 

positive half of the x-axis and cos o - ^ If J < , the positive ray 

'on L- vith endpoint Q is the negative half of the x-axLs and cos a - -1 . 

Similarly, if I* is the y-axis/cos 0» i 1 depending on the algebraic signr 

of m , and if L is the z-axis, cos y =. ± 1 depending on the algebraic 

sign of. n \ The student should consider the other possible combinations of 

signs for X , p, , and v , to make sure that in every case >^= cos a , 

V. - cos p , and v - cos y .The angles q* , , and y are called 

direction angles of the line <L with its direction determined by the ordered 

triple (l,m,n)* of direetiqn numbers. Their cosines are called the > . . 

direction gosines . If we determine the direction of L by means of the 

triple (ci,cm,cn) of direetton numbers, with c < , and if ^o 1 , P*', 

and yl are the new direction angles, then a and a' are supplementary 

angles, as are p and p' , and 7 and Y' . 

Finally, let L" be a line which does not/pass thrdu^the origin^nd 
let (J,m,n) be an* ordered triple of direction numbers for L . Let L» 
be the line thresh the origin parallel to l", and let* the direction on L« 
. be determined by the triple (i,m,n) of direction numbers. Then we define 
the direction angles and cosines qf L to be the .corresponding ones for L» . 

Hotice that throughout this discussion we do not define direction 
angles or direction cosines for a lix*; but only" for a line which has been 
assigned i direction by means of a triple of direction numbers. 

In Action 2-3 ve derived a parametric representation of points on a line 
from their sysssetrie representation. Something similar' can be done with a 
parametric representation of a line in space. Let L be the line wl4h 
parametric equations 

x = x_ + it • 

(i0 r y = y + «* 



i " " >. z = z_ + nt 

> 



Suppose that |mn f> . Then ve can eliminate t from any two of these 
equations by solving each one for t and setting <he results equal to each 
other. Using ^the first two, we get — 



x - *o y - y 

t = — " = 

« m 






' Vslng the first and third, we get 



a-3 



X - JU z - z, 



*■•-— ST-.' ^ ' 



* to) 



Combining the last two results we get 

* " *o y " y o B " V 



J m 



These are called symmetric equations for L . \ 

there remains the question of what we have achieved by -eliminating t . 



Let *t Q be any real number and let 



OJhen 



a » Xq + it Q 

b - y + ^0 

c - Eq + nt Q . / 



a. - Xq b - y Q c - z, 







m 



•Thus if the pqint (a f b,c) is on the graph of (U) it is also on the graph 
of (5). If we let • 



<» 



*'-'*0 b > y C - ^5 * . 



we find at once that the point (a,b,c) also lies on the graph of {k). Ems 
the ^graphs of (U) and (5)*are identical. 

* Equations (5) are equivalent to say pair of the three equations 

x - Xq y - y Q . ■ , ,- 



\ 


i 




m 


X 


j 


z 


' Z 
n_ 


y 


- y o 


z 


" Z 



m n 



Each of these is an equation of a plane. We shall discuss the signifi- 
cance of this particular set of three planes' containing a line in the next 



section. 
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' If at least one of the direction, numbers for L vanishes we cannot 
write: such symmetric equations for L * We can, however, eliminate t C 
and obtain equations of two planes containing L . We leave this to the 
exercises . 

* > You may have read of spaces of four or more dimensions. We are now in 
a position to give you some idea of what was meant. 'You have learned how to 
set .up a one-to-one correspondence between the points in a plane and the 
ordered pairs of real numbers, and between the points in 3 -space and the 
' offered triples of real numbers. Given a coordinate system, it is natural 
to s#ak of "the point (2,3) " or. '"the joint (3,2,-l). n This, suggests 
that ? we should define a point in fc- spaee, for example, to be aa ordered 
quadruple of real numbers. Similarly, we define a line in i-space to be the 
set of points in 4-space given by a set of parametric equations of the form 

x = Xq + it 

< % y = y + mt 

•z = z- + nt r ' 

w = w Q + pt . 

It can then be p^ved that there is' one and only one. ,, line ,, through two 
distinct '"points." We can define the distance between P (v y 0' V W 0^ 
and P a (x 1 ,y 1 ,a 1 ,w 1 ) to be * . • 

dCP^P,) = /(x x - x/ + (y 2 - y/ + ^ - Zq ) 2 + <*! - "j* • 

We can define the coordinate axes to be the four "lines'* through (0,0, 0,0) 
each of which passes through one of the "poinds" (1,0,0,0) , (0,1, 0,0) , 
(0,0, 1,0) and (0,0, 0,l) . Many other geometric concepts you have studied 
can be generalized in this way, but that is beyond the scope of this course. 
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$x*B&e . If A - (?,-l,k)\, B = (-2,2,1) and C - (2,3,-2) , 

( a) write parametric 'and eyMBetric representations for AB , and 

(b) write equations for the line! through C parallel to AB ...... 



Solution. 



(a) For parametric form .(Equations (^)), we need a point on the line and. 
direction numbers'. We choose A *= (3,-l,*0 , and obtain direction 
numbers (5,-3,3) . Hence the line AB" has as a parametric .repre- 
sentation * 



x = 3 ■+ 5t\ y 

y = -1* - 3t • * * * 

z «= k + 3t . 



From the first Ufeo of these we get 



+. x - 3 y + 1 

From the last two we get 

t ~y * x g z - k . 

-3 3 ^ 

. . .... i 

Combining thg last two' results, we have as symmetric equations for 

AB 

t . 
■ x - 3 y + 1 _ z - k 
,5 " -3 ■" 3 

(b) Since we have direction numbers, for AB , we can write immediately 
a parametric representation of a parallel line through C , % 

x = 2 + 5t 

y~3-3t ^ * . ^ 

e = -2 + 3t 

r 
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Exercises 8-3 

* In Exercises 1 to 3, P « (1,2,3) , Q « (-3,-8,1) , and R - (2,-3,1) . 

1. Write parametric equations fox the lines determined by the following 
conditions: * - 

(a) Through P , parallel to the x-axis 

(b) Through Q , parallel to the z-axis % 
fcc) Through P and Q 

(d) Through 0. and R 

(e) Through 6 parallel to, PQ, 

v* (f) Through parallel to qif t ' * . 

(g) Through and P 

(h) Through P , parallel to the xy-plane, and intersecting the z-axlB 

(l) Through P parallel to QR ■■*''. 

(i) Through R parallel to PQ 

2. Write an equation in sytttaetric fora for each of the" lines referred to In 
Exercise 1 (if* it is possible to do so). 

• 3. Write a set of normalized direction numbers for each of the lines \^ 

described in Exercise 1. I. 

•.If. Find- two parametric representations of the .line through each of the 
following pairs of points which establish opposite directions on the 
line. Findfehe coordinates of another point on each line* y 

(a) (1,1,-2) and (0,-,l,-l) -(c) (fc,2,l) and (1,-2,4) 

(b) (-1,-1,-1) and (-2,-1,1) (d) (-3,1,1) and (j^,-D 

5. Find the two triples of "direction cosines, for each line in Exercise 1. 
-Using a table of the values of the trigonometric functions, find the 
approxiaate value of each of "the direction angles. j| 

6. • What are direction cosines for the axes? 

7. Find direction cosines of a line that makes equal angles with the axes. 

8. In each of the following parts determine whether the third pointy is on 
the line containing the first two. 

(a) (1,1,-2) , (0,-1,-1) . (2,3,-2) 

(b) (1,0,1) , (-1,-1,-2) /(-7,-*,-ll) 
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*?. Deteradne which, if any/ of the lines determined by the following pairs 
of points are parallel. &* ' 

- (a) (l,l,i2) and (-1,2,3? (d) (-3,5,12) and , (1,3,3 1 

(b) (3,-1,2) and (-1,1,11) (e) (2;-3,*0 and (-g,-§„-6) ~ 

(c) (l,-l,3l and (5,l,p.) (f) (-1,0,1). and- (l,»l f r*)- 
felt, metric equations for the lines 

X m -1 + t 

y - 2 + 2t 

z 



10. 



[x o 2 + 3t ' 
1^: jy m 1 - 2t ?' 
z - -1 - •■ 



L 3 ! 



x « 3 + 2t i 
y t -5 - 3t 

Z 0= Ut 



4 - t 



2 - t 



Lj^: |y - -1 + 3t 



z m -2 
' 11. Prove that if L has the parametric representation x ■ x_. + it . 

'V - y + nt. , z - Zq + nt , and if P 1 and P 2 are the points on I 
given by the valves t » t, and . t = t„ , then , . ' 

d^Pg) - /i 2 + m 2 + n 2 |t 2 - tj . 

' ■ ■■ •■■"> 
Interpret this result in words, including the special case when the 
direction nuodsers are normalized. 

12. Prove that Equations (3) represent L even if L is in or "parallel to 
a coordinate plane. > 



Challenge Problems 

1. Mnd equations of two planes which intersect in the line 

x *= 2 

[y = -1 + t 
z = 2 + 3t , - 

Explain carefully how you know both the planes contain the line. 

2. Find equations of two planes which 'intersect in the line* 

X = 2 

y - -1 + t 

% = -1 . 
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±ea of the projections of 



3. Find parametric equations f<j? the^'llfle 1 * L through the "points" 

^o^ycVo 1 ■** p i 8 N^ y i>v*i ) .-' Bw*» , 'tt»»*'tt, - r 

.Pg - (j^,y 2 ,E s ,w 2 ) is aoy othe\"p^" on I, , then the "line- 
through- P rt and E_ contains P;%* iBnuv there is only one "line" 
through two given "points". \ %\ \\ , „ 

:\. \ . .. 

1*. Let P « ( VW' V ) ' Flnd ^ 

P Q on the coordinate axes, on the c^or&inWe planes, and on the 

coordinate hyperplanes. (Before you' can do tfce last part you will have 
to decide what it means.) ^ « : •, . 

5. A cube in,3-space has an analog, in 4-space which\^.s called a tesserae^- . 
Make a three-dimensional "picture" of a tesseract;\(Xi may help you to 
think about the eketeh below, in which a cube is draitt in a plane. 




« 




The six faces of the cube, which are squares, are represented by two - 
squares and four trapezoids.) In 3-space there is a relationship 
connecting the numbers of vertices, edges, and faces of a polyhedron. 
Try to discover this relationship by considering some simple cases. 
Try to find a corresponding theorem in ^-space. 



8-1*. The Plane in 3 -Space . 

In a plane, the set of points equidistant from two distinct points is a 
line; the equation of a line in 2-space is of first degree. In 3-space„ the 
set of points equidistant from two distinct points is a plane. We review 
briefly the derivation of the equation of a planej you may recall it from 
Intermediate Mathematics . " 

The point P = (x,y,z) is equidistant from two distinct points 
P l = ^ x l ,y l ,Z l^ 8nd P 2 " ^ X 2 ,y 2'*2^ ' if 



d(P 1 ,P) = d(P 2 ,P) , 
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\ 

. B-k. " 



or 



/[«,_-■ x) B '+( yi -y) 2 + (^ - zf . i/(Xg- x) 2 + (y 2 - y) 2 + fz 2 - *> 2 *.. 
We square bpth members of the last equation and collect terms, obtaining 

(i) ^^Jx + ^-y^C^ 

Since aCP^F) and a(P 2 ,P) are posit^fe numbers, this argument can be 

reversed, and any point P <= (x,y,z) whose coordinates satisfy Equation (l) 
is equidistant from P. and P . 

* 

Equation (l) is a first-degree equation since the coefficients of x ,.y , 

and z* are not all zero (they could all'be zero only if P and P were 

1 2 

the same point, but they are distinct). * V*"" 

Thus we have shown that the equation of a plane in tfcree-space is a 
linear equation of the forln ' 

(2) ax + by + cz + d «= , 

where 

a = 2(x 2 - ^ ' b = 2( y 2 " y i } ' c = 2( 2 2 • V * 

and r ■ y . - ' 

2 2* , 2 2* ,2 



d 



..((^-^) + ( ^-^, + (l /.^,). 



The proof of the converse— that every equation of the form (2) represents 
a plane— is left as an exercise. * 

We note that the coefficients of x , y , and z in Equation (l) are 
direction numbers of p^Pg , a line perpendicular to the plane; hence they are 

direction numbers of any normal to the plane. We shall extend this idea in 

t 

Section 8-6. We also note that since P, ^ P. , the coefficients a , b , and 

f - 

c are not all zero. The restriction on a /b , c is necessary. Let 

a = b = c = . If ' d is not zero, no triple (x,y,z) satisfies the equation, 
while if d is zero, every triple satisfies the equation. Neither one of 
these sets is a plane. 

Let us consider certain first-degree equations in which some coefficients 
are zero. If the equation is of the form ax = 0(or x = 0) , it represents 
a plane in which, the x-coo^dlnate of every point is zero; cleaVly this is the 
yz-plane. In the same way, equations of the other coordinate planes are of the 
form by = (or y = 0) and cz » (or z = 0) . 
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In general, we nay find it helpful in visual! zing a plane whose" equation 
* , . is given, 'and i^draving its graph, to find the traces . These are the inter- 
sections of the plane with the coordinate planes. - 

* Example 1. Sketch the graph of hx + lOy + 5* - 2° - ° • 

z 

. Solution. To find the trace in the 

xy-plane we let z = in the equation 
of the plane, obtaining ' v 



kx + aOy - 20b0 , 



) 



This is* the equation of a straight line 
in the xy-plane. 




# 



N 



In similar fSshlon, we find equations of the traces in the yz- and xa- 
plsnes (10y + 5* - 20 - and luc + 5y -' »"« respecti-vely. T The graphs 
of these lines in the coordinate planes (or the parts of the graphs in one 
octant) suggest the ^eph of Itt + lXfcr + 5« -. 20. e ° • 

Exang£e 2. Sketch the graph of 2x + 3y - ^ - 12 



S olution . As. in Example 2, we 



find equations of the traces in the xy-^j 

yz-, and xa-planes (2x + 3y - 12 = / 

3y - k^ - 12 = , and 2x- - ^z - 12 = 

* „ 

respectively) and then make the sketch. 




t 
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'" Bsample 3. Sketch the graph of y - 2 ■ 

Solution , We precede as before, 
drawing the graphs of y » 2 , the ' ' ^ 
equation of the traces in the xy- and 
yz-planes* There is bo trace in the 
xs-plane; to make our representation 
compatible with our idea of a plane, we 
complete a parallelogram parallel to 
the xz-plane,. 



\ 




Since, if two different planes intersect, their intersection is a line, 
ve can represent a line toy the equations of any two different planes~ct>ntaining 
that line. With this in Bind, let u£ look again at ■what ve found* in ^Section 
8-3 as the symmetric equations for a line L , . " * 

r * 



y - y r 



V 



I a n 

"■■.■ /T\ 

These equations are equivalent to any pair of the three equations 



y - Yr 



\ 





/ 








m 




X 


i 


*o 


B 


2 


n 


2 


y 


- 


y o 


BE 


2 


u 


*0 



a a ' 

We kndw from the argument ' in Section 8-3 that each of the, three planes 
contains L . NlHirtheroore, each one lacks one of the Variables. This means 
that each of the planes is perpendicular to one of the ^coordinate planes*. This 
follows because, in the first of these-three planes, for example, if 
^ x l ry l , h) ls * Wint in the plane, so also is (x 1 ,y 1 ,k) - where k has, any 

real value. Thus for any point of the plane, a line perpendicular to the xy- 
plane. through that point is contained in the plane. These symmetric equations 
represent three planes, each containing the line and each perpendicular to a . 
coordinate plane. These planes are called the projecting planes of L * They . 
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are special cases of the projecting cylinders of a curve • -which viU be con- 
sidered In CSwipter 9y 



Eraerple W Sketch the line with; 
equations 



^-^r 4 . 



Q> (0,7,6) 



Q 



by using projecting planes. 

■ Solution . ( We write the equations ^ q^j 

of two of the projecting planes, 

•" ■ 

» : * _ y • 3 

2 -2 



and 




t 



. 2 



-1 



Figure 8-5 



These equations may be rewritten as 
. x + y « 7 and x + 2% = 12 , We draw 

parts of the Unes with these equations in the xy- and xs-planes, and cosgaete 
the sketch as shown in Figure 8-5, ^ , 

I 

* Now we turn to the problem of finding the .distance between a point 



\ ax + by r + cs" + d - . 

\ • * ' 

s'is a unique \ine S , containing P Q , and normal to plane M . 



If S 



.There — _ — , — __— 

»and M intersect af . P, , *he distance "between P Q and M , which we seek, 

is ^(P ,F ) . We write parametric equations for N , using direction cosines! 



Y. 



they are 



x - Xq + >t 

y = y + pt 
s = e + yt . 




Let t, represent the particular value 
t which gives the distance between % P Q 
and F, , the point in WMch N inter- 
sects M . Since ? ± is in m", its coordinates satisfy the equation for M ; ■ 



Figure 8-6 



^ 
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-■ y . . : t - .** 

''.'•'■ * 

hence / % 

■ • ■ ' 

* ft(s^ +A \) + b(y Q +^1^} + c(z + v^) + d » , 

or ^ • ^ < 

(a* + ty + cvH x = -(a^ + by Q +• car *+ d) . 

If ve divide both members of this equation by /a 2 + b 2 + c 2 ve get 

(-?==»♦ ^==* + -^=^==vk - • sl^i^i: 

\^T7T? JF7T7? JF7T7?) &77T? 

Since a , b , e are direction numbers for N , a ■ X ' 

. -II • t4 2 + b 2 + e 2 

b c - ■ » ' 

~-~ = fi , and ■ v • We substitute A , y, , v , and 

vC 2 +,b 2 + c 2 /a 2 + b 2 '+ c 2 

obtain * - 

. (x 2 ♦ .x 2 ♦ v a ) tl . . zc^l^ii . 

</aT + b* + c 
But, since \ , |i ; and v are direction cosines, A 2 + p 8 + v 2 * 1 J so 

•*o + by o + cz o + a 



*i 



and (3) ^W = 



/a + b^- + c 
•|«tp 4 by Q + cz 4 dj 

r a + D + c 



<k 



Example £. Find the distances between P = (1,-2,3) an* planes 
J^ - ((x,y,z) :3x-2y+z-5«0} and M g - {(x,y,z) : x + y = 0} » 

* 

Solution . Using Equation (3) , we find that * \ 

,71 



and 



2 x vr+r^i vnr 



i; 2 vm: • & 
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1. Write and simplify, the equatio^of the locus of polnta equidistant froa 
A m (-2,3,5) and B - (2,1, -36 . CheclTyour wrk by using a different 
method to find the equation of the" plane -which is the locus. 

2. Follow the instructions in the first exercise, but use A - (3,1, -10 and 
B 'o (2,-3,1) • j 

3. Find the intercepts and traces of the planes whose equations are given, 
and sketch the planes, . 

(a) * 6x + % + 32 - 12 - (f) 5y - 8z + 20 » 

(b) 2x + 5y +"■ - 10 o (g) 3* - % + 2z - 

(c) kx - 2y - 5z - 10 « ' (h) 3y - 5s - ' 

(d) 3x - 2y + 2 •+ 6 » • (i) x - 7 - 

(e) 3x - ky - 12 « (J) 2z + 9 • 

1*. Write an equation of the family of planes? 

(a) containing the origin W 

(b) parallel to the xy-plane 

(c) parallel to the ys-plane , 
(a) parallel to the ss-axis ^ 

(e) parallel to the x-axis 

(f) perpendicular to the xs-plane 

5. Brav the line determined by the points A - (5,1,3) and B ■ (l,fc,5) by 

(a) using the method described in Exercises 8-2, no. k; and 

(b) drawing two of the projecting planes. ^ 

6. Repeat Exercise 5, using A « (2,2,3) and B» (0,5,5) . 

7. What is a set of direction numbers for a line perpendicular td the piane 
M - {(x,y,2) : «x /- 2y + 5z - 7 - 0) 1 Write the direction cosines for 

I avtfsh a line. ' 

8. Repeat ExercJise 7 for the plane M * {(x,y,z) ; 4x - y + 2 «= 0) . , 

9. Find the distance from the point P = (-1,2,2) to each of the planes 
■with equations given in Exercise 3. 

10. Repeat Exercise 9 but use the point P « (l,\,-l) . 

11. Find an equation of the plane through the points - 

(a) (1,2,3) , (-1,-1,*0 , (2,0,1) 

(b) (2,1,1) , (5,2,3) , (-1,-1,-1) 
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12*- Find an equation of a plane through P and parallel to M if * 

(a) P - (1,2,-3) J* '« {(x,y,a) : 3x - 2y + z - 7 - 0} , 

(b) P .. (-1,2,2) \ M » {(x,y,z) : x - 2z + 3 -.0} . 

13* Show that if the x- , y- , and z-intercepts of a plane are a , b , and 
c respectively, an equation of the plane is 

' ■ ! + £>!-* ' ' .'♦ 

14. Writ#an equation of the plane with x- p y- , and z-intercepts respectively 

(a) *!•, 3 ,. h i ' - 

(b). -2,5,-3., ' , ( • ■ * 

15. Write an .equation of a plane containing the point P and the interaec&on 

of planes ; M and H when ■ ■ >■ « _ 

'. (a) P « (1,0,2) , M = ((x,y,zf j x - 2y + z - 1 = o) , 

S = ((x,y,z) : 4 2x +-y + : a + 1 = 0) ... 

(b) P a "(3,1,-1), M = C(x,y,'z) : x + 3y - U 0} , ' 

N = {(x,y,z) : y - 2z + 3 = 0} . 

16. Show that th« four points A (1,2,1) , B « (2,-1,4) , C *= (0,1,2) , 
D = (2,3,0) are coplanar. • • 

17. Find an equation of the plane containing the' points; 

' (a) (1,-1,1) , (2,0,0) , (-1,-1,2) ' ' 
■ (b) (1,3,5) , (2,1,2) ,.'(0,-1,-1) 

lo. Prove that any equation of- the form ax + by + cs + d «' represents » 

a plane. (This is the converse of the proof at the beginning of this 
section.) ■ 



8-5. Veetors in Space ; Components in 3-S pace . ^ j~. 

~" ■ ' ' * J 

For vectors the extension to 3-space is not only natural, btft fclso 

particularly easy. In your, study of v Chapter 3 you may have realized that" the 
distinction between parallel and collinear vectors is not as clear as the 
distinction between parallel and collinear directed 'segments. Actually, there 
is no distinction. Because a vector i-s a 1 set Of equivalent directed segments, 
two vectors which have representatives on parallel lines also have representa- 
tives on the same line. In fact, a vector on a line has representatives any- 
where on any line parallel -to the given line. If a is a sector, every point 
in space is the initial point (or, for that, matter, any other, point on the 
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line) of a representative of a . This is the basis for the Origin Principle 
and the Origin-Vector Principle. 

For the same reason no two vectors say be nonce-planar. If the representa- 
tives of two vectors lie 'on skew (noncoplanax) lines, they not only have other 
representatives in a single plane, but also representatives in any other 
. parallel plane. Furthermore, in such a plane they may be represented, of 
course* by origin-vectors. •■ ^* 

ft The aefinitions ana properties of operatio'nswhich involve no more than 

* two vectors, such as addition, scalar mnltlpllipation,, the distributive laws, 
and the' inner product, apply in space, and may be interpreted geometrically 
in space. Theorems describing relations between two vectors also apply and 
may be interpreted in 4 space. If at this point you will reread the definitions, 
principles, and theorems developed is Section 3-2 through Section J-5 (pages 

191-112), *you will "see that every statement and proof applies to^_veetors in . 
space. The figureV illustrate the situation In a plane, .and in accordance 

' with the Origin-Vector Principle our proofs are in terms of origin-vectors 
which "are coplanar. As our discussion here indicates, our definition of 
vectors Is such that a geometric relationship in space may often be described 
by vectors i» a plane. In general, the vector description of a' problem in 
space frequently may be reduced to a vector lustration in a plane. The 

' illustration fn the plane may serve as a simpler guide to the algebraic rela- 
tione between the vectors. The results obtained may then be applied t6 the 

J original problem in space. Of course; we must bear in mind that not all sets 
Of vectors are coplanar. 

As you reviewed the material In Chapter 3, you may have wondered whether 
the discussion above Justifies the statement that Theorem 3 £ 2, the associative 
property* for vector addition, does apply in space.- After all, the theorem 
states that P + (Q + R) « (?'+ "5) + *» , and the three origin-vectors need 
not be coplanar. Strictly speaking, the assertion- is valla, fpr vector 
addition is a binary operation; that is, we never add more than two vectors 
at a time. Therefore, as we perform each step of the proof, we are .only adding 
vectors in a single plane, though the plane, we work in may change from step to 
step in the proof as a Whole. Still, the theorem is Interesting and illustra- 
tive enough to consider as an example. „ 
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Examp le 1. Prove the associative property for. vector addition: 

P + ( Q + R)' « ( P + of 4- "R . 



^ 



(•^rifV**!*" 



Proof . In the figure belov we illustrate three ninooplan&r origin 
vectors, P , Q , and R . The segment A"§ is drawn -parallel and congruent to 
PO and the segment S® is drawn parallel and congruent '*o OQ . . Each of the 
quadrilaterals POQA and ORBQ are parallelograms, since in each two opposite 
sides are parallel and congruent. BT is drawn parallel and congruent to AQ , 
and thus also to PO . 

T 




AT is drawn. Since TB and AQ are parallel and congrnent, quadrilateral 
AQBT is a parallelogram. Therefore, AT* is parallel to QB , and also to 
OR . (If CR is drawn parallel and congruent to PO*, and PC' and CT are 
also drawn, the entire figure) is a parallelppiped, a prism whose base is a " 
parallelogram region. However, we have not quite proved this here.) Since 
PO and TB are parallel and congruent, quadrilateral POBT is. a parallelo- 
gram. Since AT and OR are parallel and congruent, quadrilateral ORTA is 
also a parallelogram. 

We have now identified enough parallelograms to enable us to perform the 
vector additions^required in the statement of the associative property. , , 

The left member 

P + ( Q~ E)=P + B.= T, " 
since ORBQ and FOBT' are" parallelograms, and the right member « 

'(? + q) + R => A + R = T , 
since POQA and ORTA are parallelograms ", thus 

P + ^Q + R) ■ = ( P + q) ' + R . 
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Once a rectangular coordinate system has been introduced in 3 -space, ve 

have a one-to-one correspondence between the ordered triples of real numbers 

> - 

and the terminal points of origin-vectors. Thus, if the terminal point of the 

origin-vector A has coordinates (a_,a 2 ,a_) , we may denote A in gogyonent 



form by &L,a 2 ,a,] , where a. , a^, and a_ are the x- , y- , 
z- components respectively. 



H> a 



and 




Figure 8-7 / 

It follows from the definition that two vectors a and b are equal if 1 
and only if the congjonejit forms of their, origin-vectors' are identical; that is, 
a ="b if and only if [a^a^a^] * [b^b^b^ , and [a^a^a^ => [b^b^b^ 

*if and only if a 1 = b , & 2 = b g , and a., = b . 

Several theorems in Chapter 3 were proved^to hold in the plane using 
components. We shall restate them here with modifications appropriate to their 
interpretation in space. We suggest proofs for some and leave the rest^ae 
exercises. ,-, 
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OTBQRBM8-2. If J - t^, a^ a.] and B* - [b^b^b \ , 
A +-B - [^ + b x , Hg + b 2 '*3 + b 3^ ' 
We note that if the aura is X , thai 83E «nd SB" bisect each 



other at 






Thus 



* " W + b l* s 2 + b 2'*3 * V ' aad X"A-+ Bi -'[e^ + b^ag + b^ + bj]. 



THEORljM 8-3 . ttiltipllcatlon . of a Vector A by a scalar r is givtenby 
rA o [ra^ragjrsu] . 



The proof is left as an exercise. 



M» 



TflBORBM 8-if - The inner product of tvo vectors A and B is given by 



A « B = a-b, + Bpb- * a-b_ . 




, Figure 8-6 



• By definition A • B = j A| \b\ cos 6 ; in triangle AGB ve see by 
the Lav of Cosines that 

e 3, .P| 2 +lS) 2 -<a(A t B?) g 
2|A||Sj 
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Thus, . ----- • • . 

T.t-.iaH8i W a '*gi g -,^»» 8 ■■■ .•>'■"... 

2|A||B|. , ■ - - jjg> 

-; ' 

THEOREM 8 -p. If X , 7 , and Z are any vectors, the^ 

' (a) X- (Y + z)»X«y+X'2 
(b) (tX) * Y= t(X*- Y) 

* 
^ Car&llary . X * (aY + bZ) = a(x • Y) + b(X - Z) . 

\ ' • ' ' " ' ■ ' • , 

The proofs 'are left as exercises. The other theorems of Chapter 3 were 
not proved using consxments and involve no more than two vectors; hence, they 
apply ill 3-space. > 



V 



Example ' 2. .Find the angle formed by the origin-vectors to the points 
A = (2,-3,3) and B = (-1,3,1) • 

I 

Solution . We recognize that' the inner product, 

A •,"§* = |a||b] c* 6 , 
will help here. Since A= [2,-3,33 and ' B => [-1,3,1] , we have 



and 



2 . (_i) + (-3) .3+3.1 = A 2 + (-3) 2 + 3 d /(-l) 2 + 3 2 + l H co ? 6 , 

-8 = t/21 • V5X cos fi, • 

A-/2 



cos 6 = 



11 



.5lU • 



Hence ' 6 ~ 121 * 
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Ve recall, that any vector expressed In component form In the plane may be 
resolved into component vectors along the axes. The component vectors in turn 
may he expressed as scalar multiples of unit vectors. Thus /we Bay resolve a 
vector A as follows: 

= [^,0,0] + [0,a 2 ,0] + [0,0,8^] 

*. 0^1,0,0] + a 2 [0,l,0] + €^[0,0,1] . 

It is customary, ,t© denote the unit vectors (1,0,0] , [0,i,0] , and [0,O,l] 
by i , j , and k respectively. Since any vector A may be expressed as a 
linear combination of i , j , and k as 

A = ^i + a 2 J + a^ . 

$ 
i 

we say that i , $ , and k form a- basis for 3-space. 

The use of vectors gives a concise way of describing a line in 3-space. 
Let (/,m,n) be a triple of direction numbers of a given line L snich 
passes through the point ^Qi^/Ynf^Q) • Thus a parametric representation 
of L is 



x = 



*0+*t 



V 



y = y Q + mt 
z = z_ + nt 



The vector D = [/,m,n] lies on the line L' , which has a parametric 
represental^on 

x = it 
y = mt 
z s nt , 

and which is parallel to L . Thus a triple of direction numbers (£,m.,n) 
of a line L determines a vector parallel to L . Furthermore, the point 
P(x,y,z) lies on L if and only if : "~ 

~P = "P- + tD . 
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If L is the line which passes through two distinct points 

vp o*V y o'V ■ and p i(v y i'V ' than '' ***" Qb ** er 2 * 

(x- - x- , y. - y , z, - zu) is a triple of direction numbers of L . As 
ire have just seen, this tripie of direction numbers determines a vector D 
yhich is parallel to L . But 

*" [x i> y l' Z l ] " tV 3 ^'^) 1 e *1 " *0 ' 

* 

Ohus, p* - P is a vector parallel to the line through P Q 
and P, . 



Exaayle 3. Find a vector representation for the line .P P-i_ , uhere 
p" Q = 31 + 2j - fcfc and P^ = -2i + j + 2k ... 

Solution . P Q ■ (3,2,-lf) and ? x * (-2,1,2) . Hence P^ has 

(5,1,-6) as a triple of direction numbers; D" •«* [5,1,-6} is a direction 
vector for the line. Hence, the vector repreaentation or the line, 

P-P +tD, 
becomes 

p =:t3;2,-U] + t [5,1, -6} 

* [3 + 5t , 2 + t ,,-h - 6t] „ - ( ' 

,or dlL~-* *■- (5t + 3)i + (t + 2)J - (6t + U>k » 
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Exercises 8»5 
. 1. Z.et' i*» [1,0,0] , i - [0,1,0] V and k . - [0,0,1] . Find 

(*) i-k % (fj .-kvk 

.'(c) J- k . '(g) '(4j\ as). 51 

(3) l'i (h) -(31'«t.'2J - k)t (2i + J + k) 

. 2^, Find the cosine of the angle between tfae*tvo vectors in each' part of 
Exercise 2. • 

3. Given B ■ 21 + 2J - k . Find r such that |rB} » 1 . ^ , 

U. Let A- [2, 3, -!]-*£ - [3,^-2,1] , C- [-1,3,-2] . Find';. 

(a) 2A + 3B-C (d) 5(A - C) -t 3(C - A) * , 

(b) A-2B + 3C (e) J(A +B - C) + 2(A -B 4^g|v 
■(c) 2(A + B) - 3(B - C) (f) f(c - A + £V- 3<B + A ij) '< '.; 

5. Use values of A , B , C , . as in Exercise k, and find X so that 



8-5 









^ 



(a) A + B^C + X (d) A + 2X'« B +- C - X 

(b) 2A + 3B = 1^+5X (e) 3(X + B) ,* 2(X - C) 

(c) 2(A - B) = 3(C - X) (f) X + 2(X + X) + Mt + B) =0 ^ 

6. Use the values of A , B , (T , as in Exercise U, and find 

(a) A-B .■ . . (f) (2B 4 3C) . (2B - 3C) 

(b) 2A - 3B ' (g) (3A + 5B). (3B - 2C) 

(c) 3A. (B + C) (h) (A + f - C). (B - A + C) 
.„ , (d) 2B-(3A + 2C) (i) (2A - 3B + kC) • _ (JA - 2C + kt) 

(e) (A + B).(A-B) (J) A.A.+ B". B + C' C 

7. Discuss and relate .' ,«. ^ 

"£• A , |A| 2 ; |A| 3 ,A.A.A. 

8. Given P = ai + b^ + ck. Give algebraic and geometric interpretations 

9. If A = 21 + 3j + l*k and B = xl - 5 + 3k . Find x such that AOB is 
a right triangle. 

10. Given A -g^i + 35 + l*k and B = i + J - k , find the length of the 
projection of A upon B . 
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n. 

12. 
13. 

■ 15- 
• 16. 

17. 
18. 



] 



Show that the line Joining %he end points of the vectors 

A « 21 + 3 $ + ^K and B « i - J + k]a is parallel to the xy-plane. 

If cT[a an& cjfc * prove that <?]_( a + 15") . . . 

t 

Describe In terms of components all unit vectors perpendicular HiO the 
xy-plane. 

Find a vector J_ to both A = 21 [+ 3 j + Uk and 3 = i + j - k . 
Note : There are many solutions,. Can you find a general solution? 

Find the measures of the angles of the triangle with vertices at 
A = (2,-1,1) , B « (1,-3,5) , G = (3,-4, - 1 *) . 

Find vector representations of the lines" assing through 
«P = (a,b,c) £ (0,0,0) which' are perpendicular to P . 

m ■ 

Prove TheorW 8*3. * 

Prove .Theorem 8-5 and its Corollary. 



8-6. Vector Representatio ns of Planes and Other Sets of Points . 

In the first course in geometry plane is an undefined term; its use is 
described in the postulates. * From the postulates we learn that a plane is a 
set of points and is uniquely determined by three noncollinear points. Further, 
if two points lie in a plane, then every point of the line containing these 
points also lies in the plane, and if two different planes Intersect, their 
intersection is a line. A line and a plane were defined to be perpendicular 
if and only if they intersect and every line lying in the plane and passing 
through the point Of intersection is perpendicular to the given line. 

In Section 8-4 we used the fact that in space the locus of points equi- 
distant from two given' points is a plane. This led to analytic representations 
for planes in rectangular coordinates. In this section we shall consider 
another description of a plane as a ±ocus and develop vector representations 
for planes. 

We let M be a plane and N be a line perpendicular to M at a point 
P_ . Any other point P , in M , and P„ determine a line in M , which by 



* 



definition is perpendicular to N 



' perpendicular to N at P^. is contained in 
to be^he locus of lines perpendicular to N at P- 
.line to th« plane. 



Q — _ .. f 

By a theorem from geometry, every line 
M . Thus, we 'may consider M 



We call N a normal 
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Figure. 8r7 

The description in terns of perpendicularity suggests a vector repre- 
sentation -in terms of the inner product, for if m is, a vector with repre- 
sentatives in M , and n is a vector with representatives on N > we have 
m • n «= . This will be Aearer if we interpret the statement with origin- 
vectors. The vector m. has a representative bl. emanating from P fl which 

also lies in M . The vector n also has a representative 1L • emanating 

from Pq which lies on N . Hence "5L ana ru are perpendicular. Their 

corresponding origin-vectors M and H are perpendicular and Ji« II e * 
By the Origin-Vector Principle we may interpret this as m»"n c . 

To obtain a vector representation of the plane M , we note that if P. 

is a fixed point ■**<■ M and P is any other point in M , then P - E is 

parallel to M . Thus, we may describe the plane M as 

(P : (P - P. ) - n « 0} . 



We note that P, is also in the. set. 



We recall that it is possible to characterize a line which does not contain 
the origin in 2-space as the set of points which is perpendicular, or nornal, 
to a directed segment OP at P . In 3-space we may describe a, plane as the 
set of points which is normal to a directed segment ON , or 6rigin-vector H , 
at »•• IT is called the . normal vector of M . If the given point of M is 
N , then .. ' 



{P : (p.ij'DO] . 
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If we let P - (x,y,z) , }HJ «° P , and (*,p,,v) be the triple of 
direction cosines of 05 , we have _ * ^^ 

■■ '-. *% 

f * * ■ U,y,s3 , /- 

. B » (>p,pB # vp) , 

and * . ' • . 

T . Thus 

(P - S).f - ([x,y,z] - pft,n,v])» Pft,W-,v3 - , 

which, since p / , is equivalent to 

[x,y,z3 • ft,ix,vJ - p[X,n,v]« U,p.,vJ ="0 , . 

or 

-.,-». ■ ■ r 2 2 2 

' A . f *x + yy + vz - p(> + p + v 5 = 

* 2 2 2 ■ ' ■ *" 

Since > +p + v =■ 1 , we have ■'■»"". 

* - * »• . 

M - ((x,y,z) : "Kx + |jy + vz - P • 0) , 

an^ •analytic representation of the plane in tense of the normal form of its 
) equation. We note that (>»p.,v) ere direction cosines of the" normal se g m ent 
and that p is the distance between the origin and the plane. ' 

. ' Example " 1. Find an equation of the plane which is perpendisular to Idle 
vector A « [6,-4,33 at the point A . 

* 
- • Solution, We have V 

^ ■ *' ([x,y,z3 - [6,-4,3])- [6,-4,33 = b , 

' [x- 6,'y + 4,z - 33« [6,-4,33 = ,' - 
and • 

' 6x - 36 - 4y - J.6 + 3k -f - „ 

or 

6x - 4y + 32 - 6l = . J 

Again we note that the coefficients are direction numbers of normal ^Ines to , 
the plane. *• ^ 

f 

Exaaffle ^. Show that if ? Q = (x^y^^) and* P^ «= (x^y^'z^ -are two 

distinct points in a -plane with equation ax + by + cz+'d«=0, then every 
point of P-P. is in the* plane. 

117 

°" 342 



■,■■'■' ■ • 8-6 

Solution . Any point P « {%,y,%) on ltoe has the parametric representa- 
tion 

y - y * (tj- - y )t 

and is in the plane if its coordinates satisfy the equation 

ut + by + « + doO . The left member becomes " • ' /' 

a( *o * ( *i " *b JtJ + b * y o * (y i * V t} + c(z o + K " V** + d " 

» (a^ + by Q + cs Q + d) + (ax^h^rc^H - (8jt^ + by + cz Q H 

• - + (-d)t - (-d)t » . ■■',■• 

Therefore, any point 9s the line is contained in the plane. 

We may use vectors, as ve did in Section 3-6; to describe other sets of 
points in space. * 

Example 3. find a vector representation for the line segment determined 
by the- -vectors A = [2,-1,3] and B*= [-1,^,7] in terms of a'^tfgie parameter 
P . 

« . 

Solution . From the development above, A! - {X r f « pX> -tf irbere 
p > , q > ° , and, p + q ->1) ." 

Since p + q « 1 , q » 1 - p j sinfcs q > ,\1 - p > or p < 1 '. ■ 
Since p > 0* , the combined restriction on. p is^that 6 < p < 1 ,* ~&a 

substitution, .'^* 

^^ pX + qS - p[2,-l,3i + (1 - P)[-1A7)| vhere < p < 1 

i «* [2p,-p,lp] + [p - 1 , k - # , 7 - 7p3 vbere < p < 1 . 
«■ -f3P - 1 * **■ - 5P > 7 - %>3 vhere < p < 1 . 

and ' ■'■ , 
.< AS = {X : £ - t3p- 1 i ^ - 5P , 7 - %>3 , wkere G <P<1) 



Example k. Find a vector representation of the point vhich divides the 
directed segment AB in the ratio ■= . 



V » 
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■ f • 

Solution* 


?« 2 1 + X B" 

* X + 2 1 + 2 




» §[2,-1,31 + |{ -1,^71 _ 


'■ 


/**' ^P~ 3"' 2 ^ + ^" 1*1^3^ 


% 


»[1,§,^ 



Alternatively, If we think of the parameter as a coordinate of the point, 
then for the desired point p » # . Substituting this value in the expression 
obtained in Example 3, ve Obtain 

— *.-[3-§-"l,*-,5--|,7-*-§] J' 



U,f^l 



vj Example £. find a vector representation for the ray opposite to BA in 
terms of a single parameter q . 



Solution. The 



ray opposite to BA = {X : t = ft + qE where p < and / 



p + q = 1} Jk Since 

' p = 1 - q < , 

therefore * 

■ *^ 1 • • r 

pi + qS « (l - a)[2,-l/3l + it -1,^,7] vnere. q. > 1 

= [2 - 2a. , <i - 1 , 3 - 3ql + I-4,H,7q3 where q>l 
= [2 - 3q , 5<1 - 1 * 3 + kq) where q > 1 . 

The ray Opposite" to BA = (X : * = *[2 - 3€ * 5* -1,3 + *ql * wh^wf q > 1} • 

. * ■ • 

Example km Suppose I , 6* , and ? axe the vectors whose terminal points 

axe the vertices x>f a triangl e. "-Can we repr e sent the tria ngn±ax-Tegioo} -the 

interior of the triangle,- and the triangle itself, in terms of these' vectors 

and two parameters f 



3kh , ■• / 
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Solution . We write . ® as«*4X *. t - gJ5 + (l - q)C where < q < 1} 
as la &snple 3 above. ' 

. '•■ How the triangular region is the ,* 

union of the segments iff ox*. 

(T:? - pff + (1 - p)T where < p < 1} 
« (T s.f « iff + (i - p)tq£+ (l - q)5] 

where < p < 1 and < q < 1} 

* iX ' % f.= pS+ (1 - p)qS + (1 - p)(l> q)£ "- 
where < p < 1 and K'q. < 1} . 

The interior of the triangle £BC will be 

iT : 1 « pi + (1 - p)qf + U - p)ff where < p < 1 |nd < q < 1) . 

The triangle is . • • 

-,-{Y : ¥ = pf ♦ (1 - p)q? + (1 - p)(l - q)fr where (p = and < q < l) 
or (q = and < p < l) or (q «. 1 and < p < 1)} . 

(We can write these results more^eatly if we let r = (l - p)q and 
s = il - p)(l - q) i Then p + r + s » 1 and the triangular region is 

{X : Y = pX + r$*+ stJ where p , r , and. s are non-negative and p + r + s = 1} 

This form is easier to recall.) J\^ ' • ' 



Exercises S-6 „. " ■ 

1, Find an equation of the plane ahich has [7,-3,5] as a normal vector 
and which contains the point (0,0,3) . * ' 

2, Find an equation of the plane with the normal vector • 

(a) [2,-3,1] ' 

(b) [-2,4,-7] 

(c) T3.-5,*] - ...';■ 

(d) [-1,-1,6] 

3, !' Find the distance from ( 0,0.0) to the plane " i 
■•*.■•■ 

(a)* 2x+3y-z=5 V ■ \ . . 

(b) 5x - 3y + 2z = 8 

(c) ax + By + cs =|d 



A 
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r> * ' - 

' ■ ■ ' ■ ■ v . - . 

. ■ * * 

k. . In the figure below, eoaaiger AB0D to be a 3-dli^ensional figure. (This 
Is known & a, tetrahedron and has k -faces and *6 edges*) ' '.-| 

i i ml i in i '"in /. ' • i-r ' ' 

.••■■'■•■• .'J •■.*■'.• 

(a) ' ShW that the lines through the n&dpoints ,of opposite edges are ~- 

■ • ■* ... , 

' concurrent. 

(b) Shew that PERU and QOST are parallelograms. 

' ' . *. ■ • 

(c\ Show that the point of concurrency is the midpoint of each segment. 




5. Bhov that if P^ » ^f^±f*^) and M = {(x,y,z) : ~Kx * \tf + vz - P » 0) , 
then the distance between P, ' and "B is 

6. Find vector representations, in terms of a single parameter, , for the sets 
described i>elow, ■« » 

(a) AB where 4=1^,-?, 5] and & = [U,2,3] V^ 

(b)* AB where A = [3,^,2] and 1= [-2,3)<3] 

(c) m where A » [3,^,2] and B = [-2,3,3/f ' 

i (d) BA nhere^Jto'1 3,^,2]' and B= [-2,3^31 

* 7. Find the vector" representations of the midpoints and trisection points of 
* - the following line segments : t 

(a) AB^wbere A - [0,0,0] and B = [6,12,153 

(b) AB where A= : [-3,2,7] and B = [lo',-11^3 ' • 

(c) AB where A = [a^a^a ] and B = Tb^b^b^] 



151 3 * 6 ~ 
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3. Find -Uie vector reprf«ent»tloaa of the points which divide the directed 
segment PQ In the ratio § where: 



8 



i^S- 



(a) P » f-3,-2,.-lJ< Q « r3,2,ll ^ and | - 1 

(b) P = [-1,4,-8], , Q« [9,-5,7] , and . f -| - 

(c) f= [2,3,1] , S« [1,-8,4] , and ?-t ' 

9. Given the triangle ABC with t = [2,3,1] , B* «= [-1,2,4] , and 4 
C -• [1,4,-2] . 

(a) Describe the triangular region, its Interior, and the triangle Itself, 
vising these vectors and two parameters. ■ r 

(b) Show that [l, l 3,l] Is a< vector whose terminal point Is an Interior 
point of the triangle, 

(c) Show that [-4,^5,-6] is a vector uhose terminal point is an 
exterior point of the triangle. 

m 
Challenge Problem 

1. Given the four vectoVs A , B , C , and 1 D , whose terminal points are not 
eoplanar, x find an expression for the tetrahedral region ABCD in terms 
of these vectors and three parameters. 



8-7. Summary . 

We have extended the rectangular coordinate system to 3-space and have> 
considered, the analytic and vector representations of lines, and planes In * 
Q-space. In Chapter 9 we shall consider the representation and sketching -of 
other curves and surfaces. We shall also consider two extensions of polar 
coordinates to 3-space. < . . > 

We have also suggested that we may interpret algebraic relationships in 
four variables in a 4-space, which may be "helpful even though ve^eannot 
visualize it. The extension is, of cousse, possible to Spaces of more dimen- 
sions. We are in a position to make several conjectures based on our obser- 
vations in 2-space and 3-space. In 2-space the general linear equation in 2 
variables describes a line, a one-dimensional figure; in 3-space the general 
linear equation in 3 variables describes a plane, a 2-dlmensional figure, 
Thus, in n-space ve might expect the general linear equation in n-variables to 
describe a figure with n-1 dimensions. ' * 
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In 2-space we are able to describe a line either by a linear equation or 
by a parametric representation in one parameter; in 3-space ve still have the 
parametric representation of a line in one parameter, but the alternative is 
the common solution of two linear equations, which is awkward. Some of the 
later exercises show that we nay also describe regions in a plane by a para-, 
metric representation in two parameters. Our conjecture sight be that in 
spaces vith enough dimensions we may describe one-dimensional figures With 
parametric representations in one parameter ^ 2 dimensional figures with 
parametric representations in two parameters, and, in general, a-dimensional 
figures vith parametric representations in n parameters. . 

Review Exercises 

t 
In Exercises 1 to %- t write an equation of the locus of a poinfc. which 

oft 

satisfies the stated conditions. 
1 % A point 5 units above the xy-plane. 

2. • A point 5 units from the yz-plane. 

c 

3. A point equidistant from the xy- and the yz-planes M 
1*. A point 2 units' from the x-axifi. 

5. A poiift\ a units from the origin. 

6. A point r units from the point (2,-1,0) . 

^ 7. A point equidistant from the point (1,2,3) and the planf'vith equation ^ 

z ^ 2 .« ' ' • ' * 

% 

8. A point that lies in the plane determined by the points (3,1,-S) , (1,2,3), 
(2,2,2) . - . • • , 

Sketch the graph 'of the equations in Exercises 9 to l), 

9, x + y - k = 12. x - y + z + 3 = 

10. 2z - 7 = , ' 13. x = 5 - '3t ,y = 2^t,z = 3-^t 
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In Exercises 15-20, 'graph and describe the geometric representation in 
* one-space and 2-space, and discuss a. possible meaning in 3 -space. 

15. (x ; x - 3 - 0} 18. (x : |x| > 3) ; 

16. {x : -1 <x< 31 19.. (x ; |x| < 5} 

■ 

17. {x ; |x| - 3 = 0} 20. {x : x(x - l)(x + 2) » 0} 

21. Graph and describe R 1 , R , and R for one space^ 2-space, and 
3-space if c 

' R 1 = {(x,y) : |x| < 2} , Rg = ((x,y) : \yj < 2} , R » 1^ n R g - * 

22. Discuss Exercise 21 if < is. changed to < .• What geometric interpre- 
tation can you give for H.U R« ? • 

s. 

' i 2 2 2 

23. Graph and describe {(x,y,s) ; x + y + z < 1} . What is the graph if 

< is changed ,to < ? N ^ 

-.'■." • '' ■ • * A 

In Exercises 24 to 26, use the four points; A( -2,1,3) , B(3,l,-2) , 
C(2,3,-l) , D(l,-3,2) , and the four planes: » 

M L :2x-3y + z+ 1 *='0,M 2 :3x-y + 22-3«0,JL:x + 2y-3a + 2«0 

M.:-x+y + i-l*0. 

24. Find the distance frOin each of the points A,B,C,D,0 to each of 
the planes: 

(a). M^ ■ ^ (c) Mg _ . 

(b) Mg . (d) M^ , ' 

25. Find, in symmetric form, equations of, the lines determined by: 

A 4 

(a) (M^iy (d) (M^} 

(b) (M^} . (e) (M^V • 

(c) (M^ty * (f) (H^M^ 

26. Find parametric equations for each of the lines referred to in Problem 

27. Shov that the space quadrilateral ABCD , vhere A = (-2,3,2) , 

. B = (-4,5,8). , C = (1,1,4) , D =-(3,-1,-2) , is a parallelogram. 
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28. Show that the medians of triangle ABC fc where kji (0,0^0) , . 
t JB ■ (2,4,6) , C > (-4,2,-8) , are concurrent. 

29. For what value of a are the points (3,2,3) , (1,-4,2) , (2,14,5) 
collinear? „ 

r 

30. If (2,1,4) , (0,4,-2) , (a, -2, -4) are the vertices of , a triangle with 
a right angle at vertex (0,4,-2) , find a . 
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Chapter 9 

* . 

QUATRIC SURFACES 

9-1. What Is a Quadric Surface ? 

If you know what is meant by "quadratic equation, " you, might guess what 
Is meant by "quadric surface". The locus, if one exists, of an equation of 
the second degree in rectangular coordinates for 3-space is called a quadric 
surface . Each of these surfaces has an important property:, all plane sections 
are conies. There are many surfaces other than quadric surfaces, and there 
are more quadric surfaces than the ones we shall-, introduce. We shall limit 
our discussion to the most useful and easily recognized ones. You will recog- 
nize spheres, cones, and cylinders. Some of the other surfaces may be less 
familiar to you', but, inasmuch as all intersections of these surfaces with 
planes are conic sections, you should have little difficulty visualizing even 
those quadric surfaces which pee new to you. , ' 

c 

When we apply mathematics to physical problems, we find that . a drawing 
which depicts the physical relations in the problem can be useful. Our 
principal aim in this chapter is to develop methods for visualising surfaces 
and curves in 3-space. Such, configurations frequently occur in science and 
calculus courses. We shall give directions involving only simple figures and 
equations, but the methods are general and can be extended to more complicated 
cases. We also shall- indicate how equations representing quadric surfaces or* 
space curves may be simplified. 

Some ability in the sketching of geometric figures is required in this •> • 
chapter; you must make drawings of three-dimensional objects on a two- 
dimensional surface. Also, we shall rely heavily upon the material which you 
learned in Chapters 5* 6, and 7. ■ j- 

# 
9-2. S pheres and Ellipsoids . 

Yo^i are familiar with the graph of the points in a plane at a given dis- 
tance from a given point, and you also know an equation of this graph. If the 
given point is taken as the origin and the given distance is k , the equation 

351 * ~ 
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is 



x 2 + y 2 - 16 . 



Nov suppos% we consider this same problem in 3-space. Yoii know that the locus 
is a sphere of radius k , but let us proceed as ve wouia if you did not know 
this. We shall use various methods to "discover" the shape 6f this familiar 
sufYace. Later you will use the sameiaethdas to find the shape of unfamil iar 
surfaces. . ..' 

A sphere is defined as the set of points each of which is at a given 
distance from a given point. It always will be possible to select this given 
point (the center) as the origin of a rectangular coordinate system. Such a 
choice will simplify the algebraic representation of the sphere. % 

We wish to examine the set^of points, each of which is a distance k j^rom 
the origin, « (0*0,0) . For each such point P = (x,y,z) , the condition 



is 



v4x - 0) 2 + ( 



or 



y 

m 
2 . „2 



0) 2 '+ (z - 0) 2 



k 

V 



(l) x - + y" + z = 16 . 

An attempt to visualize this sphere by plotting points, such as (2,3,-/5) t / . 
(1,V5,3) , (V2,-3,^) , not only is tedious but, even when a great many points 
have been plotted, does not reveal the sphere we expect. 
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Figure 9-1 
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It ia more illuminating to exploit ^the similarity between the equation of 
a sphere and the equation of a circle. . For instance, the equation 

(2) J y 2 + Z 2 |l6 , 

not only closely resembles our equation (l) of the sphere under discussion,' 
hut Equation ( 2) represents a part of this sphere. It represents, of course, 
the intersection of the sphere and the yz-plane (x •= 0)* shown in Figure 9-2. 
The intersection of a quadric surface and a coordinate plane is called a tr^ace . 



®?Z® 




J 



Figure 9-2 

The algebraic representation 
of this trace if. the simultaneous solu- 
tion of Equation (l) and x'e o . 

■ (ft' 
The traces in the otler coordinate 

planes are foujid by taking y ■ 

and z = . We show in the figure 

only those parts of traces* which are 

in the boundaries of the first octant - 




(4,0, 
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Figure 9-3 
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In some prob&ans we need help in drawing the trace*. In this event we 
locate the Intercepts - the pdi*£s of intersection of the surface with the 
coordinate *xesv,> Fi^ Bquation v (l) the values are k and -4 on each axis. 

Once fche traeea are indicated, as in Figure 9-3, we begin to see the shape 
of the surface. Kext we investigate the shape of the rest of the surface by 
slicing it and looking at each slice. Such slices are called sections ; they 
are the curves formed by the surface and planes cutting it. The traces, of 
course, are special cases of sections. Let us make our slices parallel to the 
xy-plane. An equation of the parallel plane one unit above the xy,-plane is 
2 « 1; we substitute for z in Equation (l), which b« 

2 2 

x + y +• 1 ■ 16 , 



or 



2 2 

x + y 



15 • 



We see that this is an equation of -a circle in a plane parallel to the xy-plane, 

with radius &5 a 3.9 j and wf%» its 

center on the z-axis; we add to the 
— Hgufe, in the plane z « 1 4 , the part 

Of the circle in the first octant. We 

continue in this fashion,, letting z 

assume the values 2 and 3 •_ Each 

section is a circle, and the radii are 
" approximately 3-5 and 2.6/, respec- 
" tively. We have added parW of these 

circles in Figure 9-^. When z «= h 

have 



we 



2 2 

x + y 



/ 



(4jOjO 



/ 



f 




P'AO) 



which represents the point {0,0,10 
For any value of z larger than h 



there is no locus. 



,( 



Figure 9-k 



How we consider sections parallel to the yz-plane, giving the same 
numerical values to x that' we gave to z . Again we find that the sections 
' are circles, which we may add to our drawing (/Figure 9-5)- We might also , 
investigate sections parallel to the xz-plane if <this appears to aid our 
visualization. 
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Figure 9-5 4 

This has probably seemed a slow and labored procedure to get a drawing 
of such « familiar surface as the sphere, but we hope that you will nov be 
able to* apply the same methods to other equations in order to visualize and 
draw the surfaces they represent. ' '' --^ 

When graphing in three dimensions tt is fcelpful, as it was in two, to 
^rvestigate symmetry. The definitions of point-symmetry and line-symmetry 
given in Section 6-2 hold for 3-apace, but a more useful idea is that of 
symmetry with respect to a plane. A set of points S is symmetric with 
respect to a fixed plane' M if and only if for each point P of S there 
is a corresponding point F* of S such that M Is the perpendicular 
bisector of FF* . Here "we shall investigate -symmetry only with respect to 

We list the tests; a graph will be symmetric with 

~- 1— M*> '^, ' 

ya-plane} lB on the gra5 j li| so aiao (-Xj^,^)* 
-xz-planir 4 „ 

£ i8 /' i^.-Y^) 

If a surface is symmetric with respect to all three coordinate planes, it is 
also symmetric with respect to the origin and each axis. A sphere, of ctfurse, 
meets all these tests for symmetry. ^ 

' When a surface is symmetric with respect to all three coordinate planes,' 
the part of it in any octant is repeated in all* the other octants. In such 
cases' we need draw only that part in the first octant, since this makes our 
drawing less complicated. ' «- 



the coordinate planes, 
respect to jfche 
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The sphere we have been considering has its center a£ the origin; the 
equation for such a sphere can always be vritten in the form 



rw 



2^22 2 
x . + y 4- 2 ■ a 



where ]a| is the, radius. Note -that the terms containing x , y , z all 



have the coefficient 1 . 

f 
Consider the eijaation 



^ 



<*). 



__ kx 2 + y 2 + kz 2 * 100" . 



What quadric surface does this represent? We begin, as before, by drawing the 

traces. To find the trace in the yz-plane, we let x • inJBfcuation (k), o 

2 2 ^ . -. 

obtaining *£= +■!=•* 1*. We recognize that this trace is "an ellipse, as 

, shown in Figure 9-6. When we let z ■» p , we again obtain an ellipse. How- m 

2 2 u„ * 

ever, when y • , x + z <= \J ; *ke trace is a circle. Again we shall 

picture orjly those portions of the traces lying "in the boundaries of the first 

octant. ' {These are shown in Figure 9-7. 




,.0.IO>0) 




Figure 9-6 



Figure 9-7 



Now we find the^ sections*" as before; those parallel to the^xy- and 
yz-planes are ellipses; the ones z , 

parallel to the xz-pS^ne are circles, 
It is common practice to select just 
one set- -of sections to - illuminate-, the 
drawing; if one set consists of 
circles, this is the usual choice. 
/These sections are shown in Figure 9-8. 



Figure 9-8 




£0,10,0} 
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The surface we have been sketching. belongs to s class called- ellipsoids. 
They are so named because the sections parallel to the coordinates planes are 
ellipses (or circles^ which may be considered special cases of ellipses). 
These surfaces have equations of ttie form 

* 2 2 2 

(5) : '^ + h*h 

a b c 

where the numbers + a , J b. , + c , are the x- , y- , , *- intercepts .respec- 
tively. The segments of .the axes joining, the intercept points are called 
axes of the ellipsoid . ■;**'. 

If two of the axes of an ellipsoid have equal length, the surface is 
called a spheroid , because^it resembles a sphere. These are of" two kinds. If 
>he third axis is longer than the others as is illustrated in Figure 9-8, the 
spheroid is called a prolate spheroid and resembles a football or a watermelon. 
If the third axis is shorter than, the o^her two, the surface is called an 
oblate spheroid and appears flattened like the earth or a "Yo-Yo" top. 

When .a = b = c in Equation (5), we have the equation of a sphere. A 
sphere, then," is a special kind of ellipsoid in much the same sense that a 
circle is a special kind of ^ellipse. Before we conclude this section wt should 
ask again, 'Jyhat quadric surface does Equation (k) represent"? t Fallowing .what 
is a good general procedure, you should write Equation {k) in the form of % 
Equation (5) and then name the surface according to the above descriptions. 



Exercises 9-2 ' * 

In Exercipes, 1 to 12, discuss and sketch the surface represented. In- 
clude intercepts, traces, and the name of the" surface. Draw several of the 

sections parallel to one of the coordinate planes, 

i** — 

-1 '2 2 2 ^ • ■ * o o o 

1. x + y. + z * = 25 7. hx 2 + 9y + ^ . = 36 

2. kx + ky 2 + kz 2 = 9 . 8. 9x 2 + £y 2 + 25z 2 = 225 
3- 9x + 9y"_+ 9z 2 =0 9, 9x 2 .+ 25y 2 . + 25z 2 =, 225 
h. 9x 2 + ky 2 + 9z 2 = 36 10! kx 2 + 9y 2 + l6z 2 = ikk 
5- 9x 2 + 9y 2 + hz 2 = 36 11. 9x 2 + ky 2 + 16 S 2 = ikk 

6. kx + 25y +. 25z 2 ^100 12. l6x 2 + 9y 2 + kz 2 = ikk 

» 

a 
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13- Use the definition of sphere to write an. equation of" & sphere with center 
(Xq,/ ,* ') and radius r , ° ' 

lfc. Show that the equation you obtained in Exercise 13 can always he written 

in the form .-'.'■ 

- * * 

x + y + z + Bx + Ey + Pa + G m . 

Does every, equation written in this form represent a sphere? Justify 

your answer. " . . . \ ' 

ft 

15. Find, in the form in Exercise Ik, equations of the spheres with the given 

center (C) and radius (r) . ' \ 

(•) C » (2,T,3) , r - ^ (d) -C - (3, -1, \) , r - 1 

(b) C * (0,-1,2) , r jj-fi (e) C - ( ? , 5, - 3) * r - <§ 

(c) C « (l,.3,-2)-, r ,V§ (f) C « (1.5,-5,^5) ,V --3') 

16. Determine whether the following equations represent spheres. For 
sphere* give the radius and the coordinates of the center. 

^ . * • 

(a) 3x 2 + 3y 2 +'3» 2 - 9 - 







( f ) x 2 + y 2 + z 2 - 2x* + joy + Ik - ^ 

(g)~ 36x 2 + 36y 2 + 36a 2 «■ 36x - hBy +'12% + 52 «= 
(h) l6x 2 + l6y 2 + l6z 2 - 2kx - 6ky + l6z + In «. 



17. If A - (1,2,3*) and B - (-1,0,7) , what is *an equation of the sphere 
that has A§ as diameter? . 

18. Write an equation of an ellipsoid with -x- , y- , and z-intercepts '+ 3 , 
i 7 , * 5 , respectively. 



Challenge Problems 

"^ 1. Vrite an equation of an ellipsoid with center at the point (3,-1,2)*, 
*** - and with axes parallel to tne x- ,, y- , and z-axes and' of lengths 1? , 

8 , and 2k respectively, '* 
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2. Points P - (0,3,1) * Q - (-2,0,2) , R - (1,1,10 , and S - (-3,3,*2) • are 

Cints of a< jsphere. What is an equation of the sphere? Will any four 
stinct points determine a sphere? 



9-3. MIhe- Paraboloid and tHe Hyperbolold . 

Whf^t is the locus of a point equidistant from a given point P and a 
given, plane M T We shall assume that the distance from F to M jls k . 
The geometric condition for thfe locus is similar to the one which defines a 
parabola. With this in mind we let tne lirie through F perpendicular to M 
be the y-axis and lit the origin be the midpoint of the formal segmenV from 



F to M . Then F.- (0,2,0) and the equation of M -is y + 2 . . tot 

, z) must meet the c 

A 2 > (, - 2 ) 2 + z 2 



required point P * (x,y,z) must meet the condition 

— ___- _ y + 2 



2.2 . . 2. 2 °* 



Squaring, we have x c + y c - V + k + if = y* + 1+y +• k j 

hence (l) v . " x 2 + z 2 a 8y 

is an equation 'for the locus, 

Nov we must decide "what the gfaph of this* equation looks like.* We anal* 

use the pame methods *e applied to the equation of the sphere. Ef ye, look for • 

intercepts, we find that the only intersection of the 1 surface with the axes is 

the origin, (0,0,0) .< The trace in the xy-plahe is the parabola x 2 '■ 8y ; 

' ■. • '2 "' ' > 

in the yf-plane, the parabola z = 8y . The trace in the xz-plane is 'the 

■ p p m 

single point Q„ given by the equation x ■+ z '= . We notice that in 

Equation (l) y • cannot have negative values; hence no part„e-f the surface' fl 

to the left of the xz.-plarte. . , •» • ' ^ 

We next investigate the sections parallel ^to the xz-plane. When y = 1 , 

2 2 **"* 

we have x + z = 8 , a circle with radius 2V$? . For * y = 2 , we have a 

circle of radius k , and so on. Thus the surface may be thought of as formed 

by a succession of circles, beginning with the point-circle and with radius 

Increasing without limit as *y increases. This bullet-shaped surface (Figure - 

9-9) is called a paraboloid . It is also galled a paraboloid of revolution , as 

it may be generated by revolving a parabola about its axis. The reflector 

usually called a parabolic reflector is really a paraboloid. 
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& 



\ Figure 9-9 ■ 



A more general equation l>f a parabolid is of the form 



(2) f 



■ 2 ■ 2. 

X z -U 

-5 + - - *y • 

a ■ c • 



r 



The traces of this- surface in the xy- and yz-planes tyre parabolas,, but the 
s«ctions parallel to the xz-plane are ellipses or circles,- This surface is 
called an elliptic paraboloid . 

WeYturn now to Ahe equation *\V' 



(3) 



2 2 2 

x + L- i- --1 



/ 



and find that the x- and y-ijitercepts are^ +2 and t 3 respectively,'. but 

that there are no z-intercepts. The trace in the xy-plane is an ellipsej in 

*he other coordinate planes the traces are hyperbolas. Since ellipses are 

-i * . ^ 

easier, to draw than hyperbolas, let us make our sections parallel *to the xy- 

plaJ^^^Wn'en z = 1 ve have * 
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». 



T + T el+ ^' 



mi; 



representing an ellipse very mfch like the one which is a trace in the xy-p>ane. 

/We continue, finding that for numerically larger values of z the sections 

will be .ellipses with increasingly larger intercepts. This surface (Figure 

9-10) is called a hyperboloid of one sheet , or an elliptic hyperboloid . Its 

equation is bf the form « . 

2 2 2 
x y z 

U). -2 + 715--2" 

a b. c 



=/r. 



4 




Figure 9-10 
Next we consider the equation 



(5) 



2 
x 

T 



+ 25 =1 



/Tlere there are no x- or y-iritercepts; the z-intercepts are i 5 . The traces 
in the yz- and xz-planes- are hyperbolas. Again we make our sections parallel 
' to the xy -plane. If we write the Equation (5) in the* form 




ISG 







2 2 

T + 9 



2 

g , 

25 



1 » 



ire see that »ben U < 5 thdre are no real values of x or y 



c 




"^gure^-ll 



4« 



When z = 5 the section 1b the point (0,0,5) i for. z = -5 * we have the 
point (0,0,-5) * For l a l > 5 the sections are ellipses, vhos« axes in- 
crease as |z| increases. Thus our surface laay Ije thought of as t«o separate 
piles of ellipses. It is called a hyperSoloid (or elliptic hyperbolojd ) of 
tvo sheets. 



Exercises 9-3 
Discuss and sketch the surfaces represented by the equations in Exercises 
1 to 12. 



1. y + Z a Ux 

P P 

2. x + y = l6z 

P ? 

3. 4x + kz = l6y 

4. Ux 2 + 9z 2 = l^y 

5. 9x 2 + Uz 2 = l^y 

6. 9y 2 + ^z 2 = lUx 



137 



u 



£ 2 2 

7. 9x^ + 9y - *■ 



o p p 

8. 9x - ky + 9z > 

pop 

9. x - 9y + 4z = 
ft. Ux 2 •- 25y 2 + ^z 2 



|6 

36 
36 
= 100 



11. kx c 

2 

12. x^ 

362 
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- 9y + z «= l^U- 

2 2 

y^ + Z - 1 = 
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13. We observed that, for the hyperboloid whose graph is given by Equation 
(3), the sections parallel to the xy-plane are ellipses. Prove that 
these ellipses have the same eccentricity. 



Challenge Problems 

The surfaces represented by the following equations are called hyperbolic 
paraboloids . Discuss and sketch them. 



1. kx 2 - 9y 2 = 36? . 

2: s l6y 2 - 9x 2 ■> lHa . 

'2 2 
3. y - z = x . 



J 



I" 



9-U. Cylinders . j 

Equations of the guadrlc surfaces which we have investigated have 
contained all three variables. What if an equation contains only two 
variables? Suppose the equation is 



(1). 



2 2 
x + y 



25 



We find the x- and y-lntercepts, and note that there are no z-intercepts. The 

trace In the xy-plane is a circle of ' * 

radius 5 with the center at j in 

each of the other coordinate planes it 

is two straight lines, parallel to the 

coordinate axis. The sections parallel 

to the xy-plane are all circles of radius 

5 with their centers on the z-axis. From 

Figure 9-12 ve recognize the surface as a 

cylinder. 

Figure 9-12 
I 
A cylindrical surface , or cylinder , is the surface formed when a line 

moves in space so that £fc always has the same direction numbers and intersects 

a fixed plane curve. The plane curve is called a directrix ; the lines axe 

called generators or elements . A part of sudh a surface is shown in 




36 
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Figure 9-13 J the curve c in the 
ay-plane le a directrix, the line 
I an 'element. For the circular 
cy liner in Figure 9-12, any one of 
the circles we have drawn might be 
considered a directrix, and any of 
the lines of the cylinder an 
element. 

We shall restrict our examples 

/ Figure 9-13 

to cylinders with element*! parallel ° 

to an axis. In such cases one of the variables is missing from the equation.. Fear 

example, we shall consider the equation • < . , 




(2) 



2 2 
35 9 



Let us see if we ean*«how that this surface satisfies our definition of a 



cylinder. If it is a cylinder then 
the trace in the xz -plane, the ellipse 
'with equations 



(0,0,3) 



„ 2 * 2 

X 4. " 

35 + T 



y 



must be a directrix. We select any 

point of this ellipse, say 

P = {k,G,S) . We find that for 

any value y , the point ' (k t y t i/3) is 

-a point of the surface. All such points 

lie on the line £ perpendicular to the xz-plane at ' P j 

element of the cylinder. 




Figure 9-1^ 
hence | 



is an 



Not all cylinders are quadric surfaces. A plane may be considered a 
cylinder, since one of any two intersecting lines in it may serve as directrix- 
and the other as an element. Other examples of cylinders are the graphs of 



such equations as z 
cylinders . 



sin y and y = e 



You might sketch one of these 
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Exercis es 9-$ 
Discuss and sketch the cylinders represented by equations 1 to 10 . 

* 

1. x 2 .+ y 2 = 6k 6. ky 2 + 9z 2 = 36 " 

2. -x 2 + z 2 = 25 ..-.. 7. 25x 2 + lHy 2 •- 36OO 

3. y 2 + z 2 - 36 ^ 8. iW*x 2 + 25z 2 - 3600 
h. hx 2 + 9y - 36 . 9. 9x 2 - ky 2 = 1 , 

5. 9x 2 + Uz 2 = 36 10. 9x 2 -25y 2 -l 

11. Write an equation for the :ioous of poinds 

(a) at distance 9 from the x-axls \ N 

(b) at distance 6 from the~ y-axis 

(c) at distance k from the z-axis 

* V 

12. Write an equation for ejach of the cylinders discrlbel below. 

(a) Axis is the x-axis, trace in' the yz-plane is a cirple of radius 3 . 

(b) Axis is the y-axie, trace in the xz-plane is a circle of radius 5 • 

(c) Axis is the z-axis, trace in the xy-plane is a circle of radius 10 » 

13. A line moves so that it Is always parallel to the y-axis andv 10 units 
from it. "What is an equation of its locus? 

\\: A line moves so thai It Is always parallel 'to .the x-axis and 12 units 
from it. What is an equation of its locus? 

15. The circle with equations 

P 2 
x + z a k f y = 

4 is the directrix of a cylinder, and a line parallel to the y-axis is an 
element. What is an equation of the cylinder? 

16. Write an equation of the cylinder with the ellipse with equations' 

*25y 2 + Uz 2 = 100 , x = 

as directrix, and a line perpendicular *to the yz-plane at a vertex of the 
ellipse as^an element. 
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Challcn%e Propleros 
Discuss and sketch the cylinders represented by Equations 1 to 8 . 



1. x*». 



**. 






%A 



2. y £ ■ 

2<* 2* 
3- y = z + l 

U. xy « 12 



5. x + z -. 6z = 7 

6. x + y + 2x - Uy 

7. Is = sih'x 

8. y - cos z 



* 



9, Write en equation for the cylinder vith axis parallel to the x-axis, and 
vith trace In the yz-plane a circle of radius ^ and center at (0,-2,5) 
Sketch the cylinder. _ / 



9-5. The Oone . ^ 

Let us investigate the surf ace whose equation is 



(1) 



x 



\- 







When we look for intercepts and the 
trace in the xy-plane, we find only 
the point »|.0^d,0) . If x «= , 
Equation (l) becomes • 

' 2,. 2 

V 
the trace in the yz-plane is the union 

of two intersecting lines. So is the 

trace in the xz-plane. 




Figure 9-15 



We find that the sections parallel to the xy-plane are circles whose 
radii increase as |z| increases. The sections parallel to the other coordi- 
nate planes are hyperbolas. Does this sound familiar? It should, since the 

surface (Figure 9-15) Is a right circular cone , vhose sections are the conies 

\ . 

ve studied in Chapter 7. " 

A conical surface , or cone , is the surface generated by a line (called 
an element -or generator ) which moves so that it always contains a point of a 
plane curve (called the directrix ) and a fixed point (called the vertex ) which 
is not in the plane of the 'curve. (See Supplement to Chapter 7 for further 
information on the right, circular cone and its sections.) "Here we shall 
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. consider only right cones vitl* vertex at the origin and the directing curve a 
conic section in a plane perpendicular to one of the coordinate axes. 

As another example, let us sketch 
the graph of the equation , 



(2). 



x 
X 



-£ 



- o 



The sections parallel to the xz-plane 
are ellipses; the cone (Figure 9-l6) 
is called an elliptic cone . 




r>. 



Figure 9-l6 



Exercises 9-5 

Sketch the cones represented by Equations 1 to 6. ^.On each sketch shov 
the intercepts, traces, and at least two of the sections perpendicular to the 
axis of the cone. 



and ai 



2 2 2 
1. X - % C = y c 



2. y 



2 2 
z = x 



2 2 2 
o x y z 

3. T " 25 T 



k. 


2 2 2 


% 


kx 2 + 9y 2 - 36z 2 - o 


6. 


l6x 2 - hy 2 + 9z 2 = 



Write an equation of each of v the cones described in Exercises '7 to 10. 

7. Axis is the y-axis, a perpendicular section is a circle vhose radiua is 
tvice the distance from the origin to the plane of the section. 

8. Axis is the x-axls, a perpendicular section at x = 3 Is an ellipse 

2 2 • 
' '•Whose section ^n* that plane is by + $z = 36 . 

9. Axis is the z-axis, a perpendicular section at z = k is a circle of 
radius 3 • 

10. Axis is the y-axis, a perpendicular section at y = 5 is an ellipse 

*■ - * 2 2 * 

vhose equation in that plane is 9x + 2 . = la . 



3671 72 
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11. It was noted that the sections of the graph of Equation (2) parallel to 
Biplane are ellipses; prove that these ellipses all have the sane 



mo 





°<^" * Challenge Problems 

1, Write an equation .of a .cone whose axis is the x-axis 

perpendicular to the axis are ellipses with eccentricity 

the aajor axis of the ellipse is 12 . . • 

y 

2. Write -an equation of a cone whose axis is the a-axis, and whose sections 

1 
perpendicular to the axis are ellipses with eccentricity tj . At z ■ 2 , 

the major axis of the ellipse is ■ 1-6 , s 



$-6. Surfaces of Revolution , 

A surface that is generated by revolving a plane curve about 'a fixed line 
in the plane is c#lled a surface of revolution . The fixed line is called the 
axis of the surface. Some of the quadric surfaces we have discussed here are 
surfaces of revolution. A sphere is onej it may. be generated by revolving any 
of its great circles about a diameter of that circle. . The ellipsoid of v 
Figure 9-8, the paraboloid of Figure 9-^9, the cylinder of Figure 9-12, and the 
cone of Figure 9-^5. are all sui^aees of revolution. 



'%' 



Let us find the equation of the 

surface obtained by revolving the 

2 
parabola with equations z = 2y , 

x = about the y-axis. Let 

F = (x,y, z) be a point on the surface. 

The plane through P perpendicular to 

the y-axis intersects the generating 

curve at the point C = (0,y,k)*,i where 

k = d(C,F) ; the same plane intersects 

the y-axis at the point F = (0,y.,0) . 

Sinpe P must lie in this plane ori a 

circle with F as center, its 

coordinates must satisfy the equation 




(i) 



A, 



Figure 9-17 

, y 



= k 
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■where k is the radius of the circle. The value of k is determined by the 



requirement that C « (0,y,k) be on the generating cuamez = 2y . Therefore, 

(S) - k 2 - 2y . v 

Equating the expressions for k in Equations ll) and (2), ve have 



(3) 



2 2 

X + E « 2y , 



an equation for the surface of revolution. It is, of course, a paraboloid. 

The paraboloid of revolution for 'which ve have just found an equation 
is generated by a parabola revolving on its axis. The parabola may revolve , 
about lines other than its own axis j suppose it revolves about the z-axis. We 
sense intuitively that the resulting surface of revolution is quite different. 
Let us obtain its equation. 

We start with equations of the generating curve, 

• * 2 

z = 2y f x = , 

and let P*^= (x,y,z) be a point on the surface. A plane through P perpen- 
dicular to the z-axis intersects the -generating curve in C = (0,k,z) -where 
k = d(C,F) ; the saiae plane intersects the z-axis in F «* (0,0,z) . 



\ 



J i 




S r 



Figure 9-lS 



Since P lfes on a circle in this plane with center F , its coordinates 
satisfy the equation ' ' . 



w 



2^2 ,2 
x + y . = i 



Since k is "the y- coordinate of C , and C is a point of the generating 
curve, 'the coordinates of G must satisfy the equation of that curve; hence 



V. 
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and therefore 



j«3> 



2 E2 



Z * 

T 



»». 



> 



Equating the expressions for k in Equations (3) and (k), we hare 



/ 



(6) 



2 2 
x + y 



k 

Z ' 

T 



as an equation of our surface of revolution. 



Since Equation (6) is not quadratic, the surface is not a quadric % surf ace. 
However, \se can use the methods of this ' ' 4 

chapUfcr to investigate its shape., From 
the equation v^ see that the surface is 
symmetric vith respect to each of the 
coordinate planes. Its only intersection 
vith .the xy -plane is the origin; the 
traces in the other coordinate planes * 

4 

are parabolas, de sections parallel 
to the xy -plane have equations of the 
form ' 



1 

2" ■ . 
x + y 



2 * 



X ' 



k i 




clearly they are circles, as they 
should he for a surface of revolution. 



■ j 



Figure, 9-19 



» Exercises $-6 

In each of Exercises 1 to 18, find an equation of the surface obtained by 
revolving the plane curve about the 'axis indicated. Sketch the surface, in 
Exercises 1 to 10 the curve is to be revolved about its own axis, and the 
surfaces obtained are quadric surfaces; in Exercises 11 to 18 the axis of * 
revolution is not ah axis of the curve. 



1. z =8y,x=0; y-axLs 

2 

2. x = 2z , y = ; z-axis 

3. 3x =" 2y , a = ; y-axis 



k, 3x = 2y,z = 0;x- axis 

25 , x 1 - ; y-tuds 
25 , x = ; z-axis 



2 2 

5. y + z 



6."y 2 + z 2 



'175 
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7. 9* + Uy = 36 , % <= ; x-axis 13. ky 2 ^-i 2 « l£ , x = 6 j z-axis 

8. 9x + ky 2 = 36" , z = ; y-axis it. x 2 - tz 2 = 100 , y = j z-axis 

2 2 2 

9. % - z s X6 f x = ; y-axis 15. y = 8z , x = j y-axis 

p p P 2 * 

10. x - Ua b 100 , y =,0 % x-axis 16. 36y -,- kz \ = ikk, x = j z-axis 

2 • 3 

11. z = 2x , y = j z-axis 1J. z = y^ , x » ; z-axis 

12. x = 2z , y = ; x-axis 18. . z = y , x = ; y-axis 

19. If^ a curve in the yz-plane is represented "by the/equations f(y,z) «= 
and x = , show ttkt, if z > , an equation >of the surface obtained 
fcy revolving this curve about the y-axis is 



f(y, A 2 + z 2 ) = 



/ 



) 



9-7. Intersection of Surfaces . Space Curves . 

In order to visualize quadric surfaces ve have been discussing the inter- 
sections of curved surfaces and planes. This situation is represented by ±he 
simultaneous solution of two equations, such as. 



/ \ '" ■ 2 2 2 

(1) x + y + iT = 25 , 

z = 3 . 
In this' case, by substituting z = 3 into the first equation, we have 

x + y .= 16 , an equation of the circular section of the sphere in the plane 

z * 3 , This circle is in a plane parallel to the xy-plane, has its center 
•I 
at (0,0,3) y and has radius h , It is completely described either by the. 

first pair of equations or, more simply, by the pair 



* 



(2) x 2 + y 2 = 16 

z = 3- 

But Equations (2) represent the intersection of a cylinder and a plane. Or 
we might have 1 

2 2 2 

x + y = 16 , 

representing the intersection of a cone and a cylinder. In each case the 

« 
circle which is the intersection of the two surfaces is the same. You might 

like to verify this by finding simultaneous solutions. (Equations (3) have 

an additional solution set.) 

m 178 
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It should be intuitively evident by nov that there are many pairs of 

surfaces which intersect in the circle described above. Earlier in your 

mathematical training you encountered this, situation when you described a line 

\ •» 

as the intersection of two planes. There are infinitely many planes containing 

a given line, and any two of these planes may be used to describe the line. 

i * 

Similarly, there are infinitely many surfaces passing through a given* curve, 

e 

and this curve may be represented by the equations of any two of the surfaces 
having this curve as their intersection. Such an intersection is called a 
space curve , (it Jji perfectly correct to describe a plane as a surface and*a 
line as a curve,) \ , ' 

From the many representations of a space curve, we' try to choose one which 
gives us immediate information about the shape and location of the curve. For 
example, Equations (-1-) tell us at once that the intersection of their graphs 
is a circle and lies in the plane z = 3 , but they do not show us the radius 
or £he ■location of the center of the circle. Equations (3) indicate that the 
interse'Stion of their gfaphs is a circle Of radius k , with its' center on the 
z-axis, but we do not immediately se£ the plane of the circle. All -of this 
information is available at first glance from Equations (2); hence, this re- 
presentation is likely to be our choice from among the three suggested. 

The representation of Equations (2) is useful also in sketching this space 

_ .. ' 2-22 

curve. Recall that by eliminating the variable z from x + y + z =25 

we obtained the equation 



w 



x 2 + y 2 = 16 , 



which represents a cylinder whose generators are parallel to the axis of the 

missing variable, z . Such a cylinder not only contains the curve, but its 

equation is also the equation of the projection of the curve on the coordinate 

plane. For this reason, this cylinder 

is sometimes called a projecting 

cylinder- - of the space curve. If the 

other variables are removed, other 

projecting cylinders are obtained; 

since these cylinders contain the , * 

curve, any two may be used to show the 

intersection. Interpreting Equations 

(2) in this way, we think of the plane 

z = 3 as a. cylinder parallel to both 

the x-axis and the y-axis. For the sketch, we draw the pro jetting cylinder 

2 2 * 

x + y*" = 16 and show the plane z = 3 intersecting it (Figure "f-20) . 
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Figure 9-20 
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e 1. Find slagaer ^puations for the curve 



17 + 9 



1 ,' 
3 . 



, . * \ 



or 



Solution . Let x = 3 In the first emotion to obtain 

* . 

/ 9 y 2 z 2 , 

■■ . " .. -.'■■ ' x : ' •'- 

2 2 

9 3 3' 



which becomes 



The curve is an ellipse represented by 



= 1 



2 2 



« 



1, 
3 . 



Example 2. A typical problem from calculus could be stated as follows: 

Find the volume t^f the region in the first Octant bounded by the surfaces * 

2 2 ' V 

y +z + 2x = l6,x + y = lj., and the coordinate planes. 

I 

' ' 

As a start on this problem, you should make a reasonably accurate sketch 
of the bou^idariqfi of the region. (You can find the volume when you stucty 
calculus,) We first fijad the traces of tie surfaces. One surface* is a 
paraboloid of revolution and the Other is' a plane. Their traces are shown i^^ 
Figure 9-21, These traces, attJae^th the coordinate axes, provide us vith 
all of the edges of the solid * except one. This edge is the space curve which 
is the intersection of the paraboloid and tb* plane x + y = k ', To find this 
edge, v& eliminate x frcSn the equatlon^of the paraboloid anS^obtain 

(y - i) 2 + z 2 = 9 , 

the projecting cylinder parallel t6 the x-axis. The projection on the yz-plane 
is a circle with center at ( 0,1,0) and radius 3 , as is shown in the figure. 
The spacg curve is represented by . 



V 
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v 



(5) 



(y - ir.-+ z d - 9 , 
x + y = U , 



and we shall now describe bow to locate same points on.it. H 



i 



^S 



« * 

9 . * 



<? 



: <+ 




(4.0 , 2VS) 




(8rf>,0) 



Figure *9-21 



((MX). ' y 



• * * 



Since y is the variable appearing in both equations, we choose a point, 
P y on the y-aadj-s, and ve draw lines parallel to the other axes intersecting 
. the trace* of '.Equations (5) in points Q and' R , as shown. We now complete 
the rectangle by drawing lines parallel to the x-. and z-axes from Q and R . 
■ 1*hese lines intersect at "S , a" point of the space curve. Other points may be 
found in a similar manner, and -when these points are joined by a snpoth curve, 
the figure is completed. V 



Y< 



■/■■ .$* 



e 3. Sketch the. curve .described by 

„ * x = 2 cos t , 

y = 2 sin t , 
21= 2t . 



/ . 



T 



"J®&9\ 



• 1 


?i>* 


N r ■ 




\ i ■"■ 


» 


•■■■ i 
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Solution , If we square both members 
of the first two equations and add, we 
obtain 

o p • * ) o p 

' x +y* *Mcos t + sin t) 



or 



2 _,_ _ 
x + y 




r 2 W. • -'-■ 

•This represents a circular projecting 

cylinder of radius 2 •whose axis is 

the z-axis. All elemeBfts of the 

solution set are contained in this 

cylinder, and. since z is direfctly 

proportional, to 7r ' , . we note in ' 

Figure 9-22 that the»curve is an ascending spiral "wrapping around" the * 

cylindrical surface,' .mis- curve* la called a Bella. 

y We might view this differently by. eliminating the parameter t . !Rien, 
we, have .,--.• • ■ 



Figure 9-22 



-. "^ 



= 2 cos >| 



y = 2 sin ^ , 

and the curve is seen to be the intersection of two projecting cylinders whose- 
' cross -sections are sfhe (or cosine) curves. • The elements of one cylinder are 
parallel to the y-axts; the elements of the" other cylinder are parallel to the 
x-axis. If you wisfi to build a model for this ^problem, ypu might use two 
pieces of corrugated cardboard, , ' * '■*..■ 



Still 4 another view of this curve may be obtained by writing the equations 



in cylindrical coordinates. We shall consider this 



e next section* 



, Exercises 9-7 

1. Name and describe the intersection, of each of- tfie following pairs of 
equat ions ^ and write for each a simpler pair (if there Is one). 




-\ 



.(«> 



2 2 2 

x + y + z = 16 , ip 



-2 , 



(b)*ix 2 + .y 2 + z c = \ , 



« 



V 

x « 3 • 



2' 
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2 2 

(c) x + y = h , 

z <= , 

poo' 

(d) x + y + z «> , 

fc « . 

(e) x 2 + z 2 = 25 , 

y - 5 . 

(f) x 2 + z 2 = 25 ,v „ 

Z = . A 

(«). . xf + y - 50 , v 

x- y = . * 

'■(h) x 2 + 8y 2 - kz* = i2 , 



z = 1 , 



<i) x 2 + 3y 2 -M 2 ..* ig ; 

X = . 

U) x 2 + 2y 2 + 8z 2 = 8 , 
x = , 

(k) x 2 + 2y 2 +' 8z 2 * = 8 , 

: ■ y ■- 2. . 
\t) x 2 + y 2 "- - z 2 = z , 



7 • "-■ • M^ 






r 
J- 



) 



) 2 2 2 

<x + y - z 



V. 



v - 1.. • ■ ■■ f . 

> * ■: , • . 
2. Make - a sketch, of the region in the first octant bounded by the given 

surfaces and th8 coordinate planes, 

2 2 ■- -v. 

(a) J Inside the cylinder x + y =50 and -under the .plafie 

x + y + z = 10.. 

* ' • 2 2 •• _» • 

(b) Insid^ the cylinder y + %, = 16 "and in the half-space formed 

by ^x + y <= 6 which contains the origin. i " * 

J - 
2 2 
( a) Inside the paraboloid x + y = kz and under the plane z = X2 . 

(a*) Inside the cylinder' y + z =25 and inside the cylinder ' 

■*" 
2*2 t 

x ,+ z = 25 f . i . x. 

> * • * * • 

\* 2 2 2-* * 

(e) Inside the sphere $ .+ y + z • =, 25 and inside the* cylinder 

y c + z = 16 . * » • . ' ■ 

% 2 2 ' ■ ' 

(t)- Under the paraboloid l8z = tac + 9y and in the half -spaces formed.- 

by x = 2 and y =• 3 Vnich contain the origin. 
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3. ' Find the equations of the projecting cylinders of the curve vhose 
equations are 

2 2 2 

x + 2y * z «• 3 * ■ * . 

2 2 2 
x* + y c - 2.iT = -3 . 

Sketch the curve by making use of the projecting cylinders. 

# k, A calculus problem requires the student to find the height above the 
xy-plane in which the plane, 2x + y °- 2 intersects the paraboloid 



16 



i. 2 2 

kx - y 



Find this height by sketching in one of $he 



. coordinate planes the trace of a projecting cylinder, 
# 5« A calculus problem asks for the volume inside the cylinder i 



2^2 
x + y 



2y = and between the xy-plane and the upper nappe of the 



"■''"■' 2 2 2 1 

cone z = x + y , Make a sketch for this problem, showing thfe 

portion of the region in the first octant. 



* 

9-8. Cylindrical and Spherical Coordinate Systems . 

' Some problems in science that have a setting in 3-space are easier to 
handle if they are expressed in terms of cylindrical or spherical coordinates. 
If the surface has symmetry with respect* to\a line, then cylindrical coordi- 
nates may simplify the -work of the problem. jf the surface has point- symmetry , 
the use of sphe'rical coordinates may provide— a^ simpler analytic representation 
and solution, • . 



ie— a s 



% 



lindrical Coordinates are a combination of polar and rectangular • 



coordinates, A polar coordinate system 

is used in one .coordinate plane; the 

■axis perpendicular to this plane has a 

linear coordinate system, A point is 

designated in cylindrical coordinates 

by an ordered tripler We use (r,6,z) , 

as indicated in Figure 9-23. the first 

two* coordinates are the coordinates ef 

Section of F in the polar plane. 
> 

third coordinate is the coordinate 
the projection of P on the linear f 
axis. In this figure*'ve may verify what 






• 










e_^> 


y. 


*•/ 



Figure 9-23 
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we could have guessed; the transformations from cylindrical to rectangular 
form/ and vice versa, are accomplished by the same process we used in 
Section 2-k to relate. polar and rectangular coordinates. The transforming 
equations are ' " .„ 



X = Jl cos $ 

y = r sin 



2" 2,2 
r = x + y 



\ 



tan 6 ■ ^ , where x^'O 



IZ is z 



The siimjfe equation, *r ■= k , represents, in, cylindrical coordinates, a 
right circular cylinder with radius k whose axiB is the linear axis. This 

e 

fact accounts for the name applied to this system. 

Example 1. Write in cylindrical coordinates the equation of the sphere 
with radius J$ whose center is afc the origin. 

* 

2 2 S 
Solution. In rectangular coordinates* the equation is x +y+z =5. 

Since r 2 «= x + y , the eolation is written r + z » 5 . v 

Example 2, Transform to rectangular coordinates and identify the surface 
whose equation in cylindrical coordinates is 3r cos + r sin + 2z «= . 



Solution. Using the transforming equations, 
the equation of s plane. 



we obtain* 3x + y + 2z ■ , 



Example 3. &f connection with the helix in Example 3 of the previous 
section, we suggested a solution using cylindrical coordinates. We write 
in place of t , use the transforming equations, and square as before, 
obtaining 



r 2 = x 2 + y 2 = 1* cos 2 + b sin 2 , 



r = Mcos S-+ sin 0) , 



or 



r 2 = ^. 



Since r = 2 has the same, graph as r = k /we obtain a simple expression 
for the helix: ,' * . 



IS 3 
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r = 2 

$ince this helix is a constantly 
ascending spiral around the z-axis, 
we can locate some qf its points by a 
device ve might describe as fixing 
"ribs" to a "spine% or of locating 
steps on a spiral staircase. The 
z-axis will be the "spine" to which 
the "ribs" are attached. (We are 
us^ng a condensed scale on the z-axis 
to save space. ) 



<2.¥^> 







Figure 9-2^ 



We first Ipcate a point at (2,0,0) as shown in Figure 9-2^. When 

m 

9 = -g / we have rotated to a point one-quarter of the way around the "spine", 

and we have ascended a distance n . We fix a "rib" to' this point. We night 
next stop at 9 - n and fix another point. This process can be continued as 
long as* desired and the points may be connected by a smooth curve to sketch a 
portion* of the helix. 



> 



Another useful system for locating points in 3-spface involves the use 
of spherical coordinates . In this system the coordinates of a point P are 
determined by assuming a polar coordinate system in the plane determined by 
the point P and the z-axis. The 
-positive" half of the z-axis Is the , 
polar axis and the positive sense of 
the polar angle is from the polar axis 
to ray OP . The polar distances 

mm 

d(0,P) is denoted by p and the 
measure of the polar angle by $ . In 
the xy-plane the usual system of polar 
juigles is assumed. The projection of 
P. in the xy-plane determines ihe 
terminal. side of a polar angle of 
measure 9 • These three numbers repre- 
sent the point P and are called the 
spherical coordinates of -P ,. They are 

written as an ordered triple,, usually as (p,0,$) . In Figure 9-25 this, 
system is used to name the point which in rectangular coordinates would be 
P = (x,y,z) . 
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Figure 9-25 
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In order to reiate spherical coordinates and rectangular coordinates/ 
we obtain (from Eigure 9-25) the following relations: « 

x = d(Q,M) = d(0,Q). cos B » p sin $ cos 6 , 
y =» d(*0,M) => d(0,Q) sin 6 = P sin sin 6 , 

2. w P COS $ • •" 

The derivation of the equations for relating spherical coordinates and* 
cylindrical coordinates ie"»left as an exercise. 

Example 1. Write in spherical coordinates the equation of the sphere 
with radius V5 whose center Is at the origin. "}. 

4 , 

Solution . Since P 'is the distance from the origin to a "point, we 
johtain 

>w - P = -o • '*• 

This simple- equation form, P = k , for a sphere in spherical coordinates 
• t ... 

f acc<Sunts for the name applied to this system. Compare this* with r = k in ^ 

cylindrical coordinates and r = k in polar j coordinates. % 

angular or cylindrical coordinates and 
identify the surface whose equation in spherical coordinates is P sin $ «= 3 • 

' Solution .. We square both members and obtain 

c 

. # . ' 2 2 « 

% P sin = ^ . 

Multiplying the left member by 1 - (disguised as cos 6 + sin 8) , we have""* 

- P* sin 2 4> ( cos 2 © + sin 2 0) = 9 , 

P " -? 2 -2 2 " 2 '* 

P sin cos + P sin $ sin 6 =»9>» 

which in rectangular coordinates is « 

^ ' 2 ' 2 . ' • 

x + y = 9 . 

In cylindricai coordinates we "have simply . - . 

- 

• r = 3 . 



'( 



This is the equation, of a right circular cylinder with radius 3 whose axis 
is the z-axls. 



« t 
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4 

It may come as a surprise when you realize that very likely you lised 
spherical coordinates before you knev what they vere. In terms of the position 
of a. point on the earth, 9 is the longitude, 90° - is the latitude/ and' 
(assuming the earth is a sphere) p is the earth's radius. 



Exercises 9-8 

1. Derive transforming equations to relate cylindrical coordinates and 
spherical coordinates. - — 

2. Write the rectangular and the cylindrical coordinates of the points 
whose spherical coordinates are-^ 

, (a) ■<*,§,$) . * ' ' 

**> (3,0,f) . r . •' 

(a) (*,§,U . 

3. Write the rectangular and the spherical coordinates of the points whose 
cylindrical coordinates are 

(a) -(2,1,3) . ' ■ . ' \ 
<*) (5,'|/o)'. ■' 

(d) (U.,1,2)-. * 

h. Write the cylindrical and the spherical coordinates of the points whose 
„ rectangular coordinates are 



(a) (2,3,0) . 
00" (0,6,3) . 
(c) (2V5,2,i^. 

U) (M,2) . 



\ • 



i' 
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5. Transform the faUofclag equations into cylindrical coordinates ana into 
"•spherical coordinates. ■< ' 

(a) V + y 2l -89'. ? f 

(e) fc 2 + y 2 - 8x . 

(d) x 2 + y 2 » 3f* '■• '••;■ 

6. Transform the following equations into rectangular coordinates. 

* 
, (a) p = 6 . 

(b) rtfi, 

(c) z = 6 + r . ; - -*> 

(d) a 2 = 9 - r 2 . % 
7.* Identify* and desoribe each of t$e following eurfiaces,. 



Identify* and 
i*) r = 3 . 



a 




(b) 0-f 

i 

(c) r 2 + z 2 = k . 
. (d) $ <= ]- • ^ 

(e) P cos $ = 7 * 

(f) z =r cos • 
(s) z = r . 
(h) r = 2 sec 6 . 

8. ' A circular cylinder of dialer k intersects a g sphere of radius h so 
that an element of the cylinder contains ,a diameter of the sphere. % 
Choose axes and vrite equations-^f the bounding surfaces in 

(a) rectangular coordinates, ' 

1 (b) cylindrical coordinates, and 
(c) spherical coordinates. 



9-9. Summary . . , 

Our work in this chapter has been limited^to the laost ijaportant and 
familiar quadria surfaces, and we have located' the coordinate axes so as to 
get single equations for them. Students who have enjoyed this work may .like 
to pursue it further by looking up such topics as ruleA surfaces, hyperbolic 
paraboliids, curves in space, and surfaces of higher rfrder. 



,' 
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Our objective here has been to develop methods ip help you visualize 
surfaces and curves in space. TMLmethods we have uied^gre--general, and should 
be of use to you in visualizing or sketching, particularly in your work in 
calculus and .its applications. 

Surfaces in space are .represented by one equation, 'f(x,'y,z) ■= ; for 
quadric surfaces, the' equation is of the second degree. "Curves lii space are^ 
given by the intysedtion^of two equations (or three in parametric form), 
f(x,y,z) =0 and g(x,y,z) = . 2fre most important curves for sketching a 
surface are the traces and the sections parallel to the coordinate planes. 

The surfaces we have studied include the cone, cylinder, sphere" and 
ellipsoid, elliptic paraboloid, and the hyperboloid. A cone is generated by 
a line moving, about a line with one point fixed, a cylinder by a line moving 
parallel to a fixed l^ne, and a surface of revolution by a plane eurve revolv- 
ing about a line in the plane of the curve. For the limited cases we have 
studied,, the quadric surfaces may be identified bV their sections parallel to 
the coordinate planes ^s follows: . ,' * .'.».-, 

■■'■•' * i . 

Quadric Surface • Sections Parallel to Coordinate Planes 

— — — — ._ — ' — -i — — ' ■" ■" 

Cone Conic sections, including degenerate cases. , 

Elliptic or circular Central ellipses or circles, parallel lines, 

cylinder -j or a line. ^ ' ' , 

<* ' Sphere Circles, including point -circle. 

SOJJLpapid . _„*,.»»..» y., Ellipses, including circles and,points» 



.Elliptic paraboloid Parabolas and ellipses, including circles and 



i 



Poinds. 

Hyperboloid • Ellipses, including circles and points, and 

■*■ hyperbolas % 

^ , 1 . ^. . .... ) ,.'*'.. 

. In sketching a surface, f(x,y,z) = , it is suggested that information 

about' it be obtained and placed em the graph in the following order: ' 

1. Intercepts Set two of the variables equal to zero and. salve the 
--resulting equation for the third variable to find the 
intercepts on each axis. ^* 

bhe variables equal zero, one at a tiSwIpto find the 

equations of the traces - the sections In the coordinate 

-. - - * 

planes. 
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3. Sections Let z «= k , where k is a constant, to-*<±nd the sections 

parallel to the xy-plane,. for example. You can build up 
a sketch of the figure by using enough different values of / 
k • For this purpose, select the sections easiest to drav. 

Jfe determine ^symmetry with respect to the xy-, yz-, or xy-plane by 
checking that the equation of the surface is unchanged when *~z , -x , or -y 
is substituted for % t x „ or y , respectively. Knowing the synmtetries of 
a surface helps in. identifying it and sketching it. When a surface is sym- 
metric, we often draw only the part in the first octant. 

Certain curves which are the intersection of tw« surfaces were studied. 
In addition to using intercepts and traces,- we used projecting cylinders to 
help us visualize and draw space curves. 

"finally, cylindrical and spherical coordinates were introduced «s other 
ways .of describing the location of points in space. ' 



/ 



Review Exercises 



3 



Discuss and sketch the surfaces represented by the equations in 1* to 20, # 

1. ife 2 + 9y 2 + i6z 2 = ii*' 11. 9x 2 - i*y 2 -.0 

2. 5* 2 + 5y^ + 5* 2 - i*5 = 12 » 36y 2 + 25z 2 = 900x >, 
3.^ 16b = x 2 + y 2 * 13. -l6x 2 + 25y 2 + l6z 2 = UOO 

k. 36z = 9x 2 + ky 2 Xh. y 2 + z 2 =-100 

9 p| "222 '* 

5. 25x + lOOy = toOz • 15. x+y +z-2x-3=Q 



5. W 2 + 9Z 2 + 9z 2 = 1 



= ii* .16. 25x 2 + 25y 2 +'25z 2 = 

7. 9x 2 + 9y 2 + 9z 2 -' l6 = 17. l6x 2 - 9y 2 + 9z 2 = 

•8. l^x 2 - 9y 2 + l^z 2 = 36 18. x 2 + y 2 + z 2 +8x-6y + 10z+3^ = 

9. hp 2 + 9z 2 = 36 • • 19. '36x 2 + 25z 2 = 900. 

id. hx 2 - 9* 2 = 36 20. 25x 2 - 9y 2 - 9z 2 - . , 
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Discuss and sketch the surfaces described in Exercises 21 to 38 . Write 
an N e$uation for each surface; identify those What are not named. 






23^- A sphere centered at the origin with radius. 10., 

22. An ellipsoid^ with axes of lengths 12 , 10, , «a<J 8 . 

23* A circular cylinder vith radius 5 and axis the x-axis, 

2k. . A proiate spheroid vith axes of lengths k and 16 , \. 

25* An oblate spheroid with axes of lengths, k and 6 . 

26. A cylinder with %he y-axis as its axis^ and its Arace in the xz-plane 

" '" 2 2 

the ellipse vith "equation 25x + l6z = UOO . \^ 

27. The surface obtained by revolvinsisne fcurve with equations '. 

op* *'• 

. l6x - 9y = Ikk , z = ' about the y-axis. ■ ' ' 1 

28. The surf ac* obtained by revolving the curve with 'equations x = kz , 
y =''0 about the z-axis. , ( 

6 '■-■■"" , g 

29. The surface obtained by revolving the curve with equations z = Gy , 

x = about the y-axis. * 

30. The surface obtained by revolving the curve with equations 

• 2 x- 2 * 

25x - 3oz = 900 , y = about the x-axis. 

31. , .Refer to Exercise 27, b*rtf revolve about the x-axis. 

32. Refer to Exercise 28, but revolve about the x-bjcLb. 

33» Refer to Exercise 29, but revolve about the z-axis. 

« 

3^. Refer to Exercise 30, ^M*t revolve about the z-axis. 

35. The surface obtained by revolving the curve- with equations 

2 ., 2 s« * 

25x - lpy = , z=0 about the x-axis . . 

36. Refer to Exercise 35* hut revolve about the y-axis. 

37. The surface obtained by revolving the lineTwtljh^equations x =' 2 , y = 
about the z-axis. 

38. Refer to Exercise 37, but revolve the line with equations x = 2z" , y = Oi 

39. Write. an equation for the locus. of points 10 units from J 1 = (3,-2,1) . 

40. Write an equation for the locus of points 5 units from the y-axis. 
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kl. Write an equation for the locus of points equidistant from the plane 
x»Q and the point (6,0,0) . 

1*2. What are the graphs of the following equations? 



2 2 2 
-- j. 2_ j. z 



(a) -ir + i ?r 






X 

1 . ■ ■ 


(f) 


-2 2 2 

T + T . 15 ' * 


o„ 


(g) 


2 2. 2" 

T "T .'.15- =1 


.-1 


(h) 


2 2 2 , 

>-*--fc-o. 


i \ 


(i) 


'2 2 2 

x Z_ z ^ i 


A 


_» 


* 



~2 „ 2 „ 2 

/ T x 2 v 2 * 2 

2 2 2 
(d). ^- + £~ -|g 

« 2 2*2 

1*3. Points A and B are k units apart. Write an equation for the locus 

of a point the sum of whose distances from A and B is 6 . Simplify 

V the equation! sketch the graph, and 'identify it. 

V * ."■'.•' 

'• kki Follow the same instructions as in the previous, exercise, but let the , *7 

difference of $he distances be 2 . 

1*5, A pencil with a hexagonal cross-section is sharpened. Describe the space 
curve which you see as the edge of the painted surface of the pencil. . 

t a 

/ 
1*6, A cube having/edges 1 unit in length has one vertex at the origin «and 

three of itfj faces each in one of the coordinate plane's. A plane * 

contains ^h e midpoint of the diagonal of the cube^from* the 'origin and is 

perpendicular to the diagonal. Find the sections of this plane on the 

faces of the cube. What kind of .figure is this set of sections? ^ 

1+7. Sketch the intersection of the surfaces ' 

pop ' ? ? |— 

«x + y + z --k , x + y - hy = , 

« vfe 
in the first octant, using projecting cylinders. 

1*8! in each of the following cases, classify the given surfaces, find the r 

projecting .cylinders of the curve of intersection, and sketch the curve. 

5 

. , » (a) x 2 + 2y 2 + z 2 = 8 , 3x 2 + 2y 2 - 2 = &■ . 

>) x 2 + 2y 2 + z 2 = 1* , -2x 2 - y 2 + z 2 = 2 . 

(c) x 2 + y 2 + z 2 = 1 , x 2 + y 2 + 2z S = 5 . 

(d) x + y = z , x + y = h . 
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k$. Sketch the solia in the first octant hounded by the given surfaces and, 
the coordinate planes. 



(a) J 



+ 2 =* 1 , y = 2 . 



(b) ,y » X , z^- x +.y , x « i .• 

2 2* 

(c) x +^ - 9 * s -y-, «'- 3y '.'g 



(a) '^ 2 jLy- 2 - 36 , x^ + z 2 = 25 



• /■■ 



50. Express each eqaatio'n in tenas of two other coordinate- systems-. (Assuiae 



\ 



) 



that all relate to 3-space. ) 

(a) 2 «» 5 % . . ., . 

(b) x + y = hx i 

(c) r = 7 . 



(d) x 2 +-y 2 + z 2 = 25 
Ce) r » + z = 9 . i 
(f) ^ cos $ = 6 . 



(■> V,-y*.i6 . . . 
(h) r = 2 cos 6 . ' 
(i) <• (fin 4» « 2 cos $ . 
(J) # sin $ m 3" , 
(k) X 2 t y 2 ««6U. ^ 

(i) ^"'sin 6 COS $ n cos 

^ ■ * 



Challenge Problems 
Describe and sketch the surfaces represented by Equations' 1 to 6 . 



1. z c sin y 

' 2. y = cos x 
& 
3. z = x - 2x 



*{■. Itx + 9y 2 +*$6z 2 + 8x - 5% - 72s =*2^ 

2 ' 2 ' 2 
5. x +^r - Ij.z c + 2x + 6y + 8z » 10 



2 2 - 
x + y 
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A Chapter 10 . 

' , ' ' GEOMETRIC" TRANSFORMATIONS 

10-1. Why StudyQeometric Transformations ? 

In previous chapters you have had "considerable experience in relating a 
graph, and its analytic representation, £ecause"of their importance, conic. ^ 
sections were given very careful treatment. Despite thia emphasis, you may 
have. noticed that, with the exception of the circle, all the eonicBj-you . 
'. sketched' had their^ centers, foci, vertiqes at the origin and one OT bot^pi 
the* coordinate axes as axes of symmetry. ^ j 

. However, in various studies where the graphs of the equations df copies 
. (and" other /curves) are of importance," one encounters more con^lcate^Baalytt* 
representations of these curves, y Consider, for example, the .following pair* 
of equations; • ■ '• 

(l) x 2 + y 2 + 10* - % +-** = 9 , x 2 + y = S5 r ' T> . 

. A (2) x 2 - y 2 - kx- 6y - 30 = ., x 2 ■- y 2 = 25 ; ' • f 

- '• . * ' • " ' ' , • - " ' 

(3) y^'- x - 6y + 11 =^cf , y 2 = x . ^ . # 

f 'If you went to the trouble of graphing all,, six of these equations, you ■ 
' would find that each pail: of equations represents, a pair of congruent graphs. ^ 
They differ only in their placement with respect' to their coordinate axes* 
If one is interested^ geometric properties of suih- graphs, if is clear that, 
the second equation of each pair is eimpler to analyze and -will *uite,read*ly 
yield information regarding intercepts ? symmetry ,-asymptotftB, etc. "Relative 
. « to its coordinate system., * - . 

• It is one of the purposes of this- chapter to show how, we can relate such 
"a complicated equstion of a curve toe simpler equation of the same curve 
represented 1 in a different' coordinate system. The. operation which performs 
•this task (along others) is commonly referred to afe either a "transformation 
' of axes" or a "transformation of coogdinatQs ". 
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In this chapter we will consider two types of transformations which 
accomplish the purpose just described. The typ* we treat first ( in Sections 
/2 and 3} is one wherein the operation is performed on the "axes and the graph 



1 



under study remains fixed. We then turn our attention ( in Sections 5 and 6) 
to the type wrierein, the operation is performed on the points of the curve 
while the axes remain fixed. We refer to the latter" type as a point trans- 
formation. ' m . • ' , 

Our task takes on one of two aspects. We may be given a relationship 
betwaen the coordinates of P = Cx,y) on a curve C and the coordinates of 
P" = (x%y*> on a curve C* and then investigate the correspondence between 
C and C* / On the other hand, the converse is considered: Given two curves 
C arid C» and some correspondence between them," w^ investigate the manner in 



which the coordinates of any point P = (x,y) on C are related to the 
_ coordinates of the corresponding point P* = (x'^y*)" dh C* . 



In the cases of the three pairs of equations presented earlier, the ' 
corresponding curves were actually congruent and the point corrfcspo*ndence was 
one-to-one. In other cases the corresponding curves need* not be congruent 
although there may still be significant relations between them. For example, 
in -SecWon 6, you will encounter a correspondence between a straight line and 
a circle \nder a transformation called an inversion, 

{% Certain transformations preserve geometric properties such as the measure 
of distance between points on the original, curve*, .the measure of angle between 
two lines, the order of points on a line, etc, ^.* while others^ do not preserve 
these properties. Discovering which geometric properties are invariant (do 
not change! under a set of transformations £s of 'significance to the advanced 
students of geometry because"* these properties help them to classify the large 
number of geometries which have been created, 'This topic ^.s discussed in 
Section k, . ' • 

We may also speak, of the properties of a transforma-M-on. An important 
transformation we shall mest In Section 6 has the, property that it preserves 
measure of angle but not necessarily measure df distance. Transformations 
whj^ch have this property are called conformal and have many applications in 
science. *',''., 
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10-2. Translations . . * ( 

Suppose we have a cutvq in the coordinate plane and an equation of the 
curve. Let us consider the problem of writing an equation of the same curve 
with respect to another pair of axes. The process of changing from one pair 
.of axes to another is called "transformation of axes" or a transformation of 



coordinates" as stated earlier. 



rm\tlo 



One of the most useful, as well as simple, transformations is one in 
which the new axes are shifted in such a way that they remain parallel to" 
their original positions and oriented in the same direction. Such a trans'- 

• • , 

formation is called a translation . 

t - *- $ « 

THEORM 10-1 . Given a coordinate system in a plane wl1:h origin at . 

■" ~~ * * 

The axes are then translated so that^the" new origin is at 0* = (h,k) 

If (x,y) arid (x^y 1 ) are the coordinates of a point P when 

referred to the original and new axes respectively, then x l = x - h. 



and y' 
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Proof . Let P* = [x,y] , 0« = [h,k] and P« = [x«,y«] . ' > *, 

* r 

(1) P = 0* + P« . . » / 

V . (2) [x,y] = [h,k] + [x',y»] & J . ' 

. = [to + x* ,k + y* ] •. 

(3) Thus . / x «= x» + »h „- , 

-' ly *yf + k . . ' y m (Vrffr?) 

If ye solve these equations for *x* and y* , we 'obtain the "inverse form" 

(4) yx» = x - h . . I 



* 



ly = y ! k ; '\ ' 

: • . - - 

We shall refer to the* Equations (3) °r (*0 as the equations of translation . 



V 



* . * *** 

, ' Example 1. Find the new coordinates, of the points, P, = (-3 A) $ 

j ' ' 

P = (*,-2-) if the origin is ilbved to (-3,5) • 

Solution s* Since h = -3,k=5, the equations of translation are": 

. / x» = x + 3 * 

I y» = y . 5 .. 

Applying these equations, we see that the point P. = (-3,1) -now has the t 

coordinates (0 f -k) , and p = (*i, -2) now has the coordinates (7,-T) with 

respect to the new axes. 

i 

y 

[ > 

'0' = (-3,5} ^ 



_L- L. 



p, = (-3;i) 

P,'= (0,-41. 



j i i i i_ 



P,= {4,-2} 
r=C7,-7) 



Figure. 10-2 ' 



■J- 



fvr, 



..' ■ "- ' lo-tf . 

% f- 

Consider an equation of a curve f(x,y) = . By the equations of 

translation, the coordinates x and y are transformed respectively into 

x t + V and y« + k . 'ffhus* the equation f(,x»y)'. = changes to • 

f(x» + h y« + k) .= 6 . The^two equations represent the same curve since the 

point F(x,y) whose coordinates satisfy »f(x f y)' = is the same as tile point . 

p t = (x»,yO whose, coordinates satisfy f(x« "+ h , y f + k) = , 

TO', illustrate this, consider the line ' I in Figure 10-2 passing thrdugh 
the points P, and P Q of Example 1. The equation of line i is 
3x + 7y i+ 2=0. We now replace x by x« ■ 3 an<T y by y» + 5 and the - 
' equation of I is now 3 x' + 7y« + "28 =-6 .. We note that the coordinates of _ 
points U • - (0,-»tO* and P^' = (7,'-T) satisfy this last equation. The new 
equation 3x« + 7y» ^2& = represents the same line, with respect to the_ 
new axes, x' and y' , with the new origin at 0»^-(-3,5)^ 



Exlnrple 2. Find the equation of the- circle x 2 + y 2 + 10x '-' hy + k « 
after a translation, moves the origin to the point (-5,2) . 

• ** Solution s "The equations of translation are x = x« - 5 , y - y f + 2 •• 
Substituting into the aquation of the circle, we have # 



> 



]{%* - 5) £ + (y 1 -N2) 2 + io(x« - 5)'^ My' + 20 + U = o . . 



If we expand 'and collect/ terms, our equation simplifies to x» fc + y» ^ = 25 • 

f We infer immediately that the. circle has a radium of 5 units and that its 
center is at 0' = (-5,2) . If you were to find the locus (or graph) of the 
original' equation, you- would discover that you had precisely the same circle. 
* After doing .this, you would appreciate the advisability of translating the . 
a*es.' ' Note tt»t the principal difference in the two equations is .that one m 
contains first degree terms and the other does not. 

'■ The basic question 'is: How do we know where to pla<*e tfce new origin so 

that a completed equatibn reduces to a simple one? This method is illustrat- 
# f * 

ed in Example 3. 



Example "j. Translate {he 

y P + -10: 
,degV^ e term. 



x ? + y P + -iox - !+y + h ='0 can 




that the equation of the circle 
tten in a form which contains no first 
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1(^2 \ ..-••# 
Solution: 



'\ 



(i) Vrlte^^ii$ equation in the form x + 10x + y 2 - Uy <= -1* and 
complete the squares as follows: 

. (x 2 .+ lOx + 25)'+ (y 2 - V + k) = k + 25 - k or 

(x + 5)^ + (y - 2) 2 =*25 . 



> *• 



(2) If we let x» = x + .5 and y' = y - 2 , *ftur last equation becomes 

x« 2 + y' 2 = 25 . . ' ' " A 

• , . .1! 

(3) We note that the equations / ■ u • aije the equations of 

H y* ='y - 2 I - ■/ 

translation to new axes with the origin afl (-5,2) . 



% 



To show the wider applicability of this method M-let us do one more 
example: |I 

Example ,^. Graph the.curVe tac - 9y 2 + kOx + jly +" 28 >-Q . 

Solution , I , ^ I J * 

(l) Rewrite the equation in the following form so that we can use the 
^ method of "completing the ^square" : J| 

• . ' Mx 2 + iox)<- 9(y 2 - hy) = -28 . tt 



v. 



, (2)^ Completing the square: • 

J k(x 2 + lOx + 25) - 9(y 2 - ky + k) = -28 + 100 -,36 
* or k(x +\5) 2 -/9(y - 2') 2 *= 36 . v 

(3)- Substituting x f '- x + 5 and y» = y - 2*, we hatfe 

llx' 2 - 9y» fi = 36 4 

' ; t 2 ,2 . , • 

4- - ^ = 1 - 
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t We recognize this curve to be a hyperbola with center 0* = (-5,2) . * Thip 
curve can now be drawn by using the methods discussed in the earlier chapters* 



l. 
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Figure 10-3 

The translation of axes can be used to simplify equations of ..curves other r 
than conies, but at this ppint we will restrict our discussidns to sush curves". 

We will now generalize the above: ' . 

(1) . A circle in the form (x - h) + (y .- k) = r can be simplified 

,2 ,2 2* 
to x 1 + y* = r . ■ ' ^ 

(2) An ellipse in the form, f* " h ^ 4-ii_lJL2_ ^ i can i»e simplified 



a b 



^ 



(3) A hyperbola in the form ^* " h ' '-" iff ^' k ^ £ 1. can be simplified jff 

a 'T> 



to 



r ,2 



A. 



j 



v > 



2' " 2 

|J|) ,A pa|rabola in the form (y - k) = 4p( x - h) or (x' # - h) =-y^p(y-k) 

* * 

2 .2 < & 

can be simplified to *y' =.- Vpx' or x' = 4py' respectively. J ' 

* . -!« 

s (5) The equilateral hyperbola (x - h)(y 7* k) = c can be simplified 

i .* * ' ■ 



• 
to x'y* 
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All of the, above can b^ done by translating ttfe axes to a new origin at 
0* =»(n",k) by use of the equations of translation , ■ 



\ 



f 



{ 



x = x' + h 

y = y' + k . 



*■ Exercises 10-2 

• . ': ^-* 

1. Write the equations of translation which change the coordinates of 

A = (2,12*) to (5,8) with respect to a new origin 0* ». What are the 
coordinates of 0* with respect to the first origin? 

2. iJeEermine the taxation of the fcurve represented by ' S. 
, , 2x 2 - y 2 - 12x«- ky +.12 = if the origin is translated to {ff-2) . 

Ix* = x + k 
y* = y H- 6 " i 

4 - 

•What -effect does this transformation have when it is applie^^o the 
curves:- ' 

( a) x + y = r ? ■ . ■ , 

.. * 2 2 ' . • 

(b) * Z- „ i ?, * . . - 
... a b 

\ - - 

h. Points A = (1,0) ^ B = (5,-2) , and C = (3,k) are vertices of a — 

right triangle. Find the coordinates of these points if the origin is 

moved to 0* = (-^,-2) by ,a .translation of axes. Using the dew 

coordinates giver two proofs that an observer at 0* can present to 

demonstrate that MBC, is a right* triangle. 

• 5, Translate the axes so 'that the equation of the curve # 

* ■ 

• x 2 - y 2 + 10x +%+5=0 can be written in a form containing no firsts' 

1 ' ^ ' 

t ■ / degree terms. Indicate the equations of translation, draw both sets of 

■» f 

axes, and sketch the.- curve, • ' 



6. Given circle -.Q : x + y = 25 . ' Find the coordinates of three points 
A ; B , and C on^this circle. -Then find their coordinates if the • 
origin is translated to ,0» ^"(l,-l) and the equati an of the circle, 
with respect to P»< . Verify that the new coordinates of A ,'B , and 

.' C satisfy the transformed equation. 
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7. A line E has the equation .3x - '2y +6 = .. Craw the line. The axes 

is • 



arejrtheji translated twice in succession in accordance with the equations 

!x.=*x* + ? . / x'* = x" + k 

•followed by (2) ) . 
y = y» +.2 < . \y f = y" + 5 • v 

Find the equation of L with respect to 1 both the x'- and y'- arid 
t x"- and y"- axes. Then find the equations of translation which would 

perform both operations at once. What would be the effect of commuting 
S translations -fl) and (2).?-, . 

• 8. Gketch the curves after performing a *eohvenient. translation of axe's. 

• ■»■ 

Indicate the equations of translation and draw both sets of axes. 



o 



(a) y" - 6y - 12x - 3 =. 0/ 
(b)* 3x ? 4 % 2 - 4x 4- 8y - 5 = 
(c) '*2x 2 .4 6x - 3y + 12 = o • 






(d) Cx 4 3)(y - k) - 12 e x 

J " (e).'(y 4 2) 2 =-• (x + 2) 3 . • 

9. Derive, the equations for the translation of axes with the new origin &t r 
'0' = &h,k) without the use of, -vectors* i 

* is 



y 



1' 



10-j(. Rotation of . Axes ! Rectangular Coordinates . 

We next consider a rotation of a rectangular coordinate system C - He, 
introduce a new coordinate system C» whose origin coincides with the origin 
of C and whose axes are obtained b|r rota-(J||ig the axes of C through an 
' angle a • Thua« a- is an angle in standard position whose i'nitial side is 
the positive side of the *x-axis and whose terminal side is the positive side 
• of the x'-axis. Once agai» we want to discover the yelationehlj betweezf*"the 
* coordinates of a point P in _C and the coordinates of the game point in C 1 . 

The presence of the angle ot suggests the use of polar coordinates. We 
consider the systems of polar coordinates associated with C and C by L '"*\ 
letting thej>olar axes be J the positive sides of the x-axis and the xt-axis. 
Thus,* as we have seen in Chapter 2 , if Pjf** the pointy (r,$) in the polar 
coordinate systej« whose polar axis is the positive side of the x-axis, then- 
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(1) 



x = r cos 8 

.y = r sin B 



/ 



^/ 



5r 
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/ ■ x Figure 10-1* 

_~1- - « 

However, in the polar/ coordinate system whose polar axis Is tbe positive side. 

of the x^axis, P is clearly the point (r,& - Ct) . , -Therefore, 

a 
• -* 

x* = r cos) (8, - a) = r (cos g cos a + sin & sin a) 
> y« = r sih (g - a) = r (sin 6 cps a - coj3* # sin a) '? ♦ 

ComlJining equations ( 1 ) and ( 2) , ve get , 



(2) 



(3) 



x' = x cos «(+ y sin o 

y* - -x sin a + y cos a 
. t * 



•/ 



These transformation equations are^ften callea equations of rotation . 

Example 1, In* a givea coordinate system, tvo points P. and P^, have 

the, coordinates (2,3) ana ( -U,5) respectively. The axes are then rotated 
through an angle of 30° . Find the rectangular coordinates i of P and\P, 



with respect to the new axes. 
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- Solution ; Since sin 30° = ■= and cos 30° » -=§ •, we have upon t 

substitution in the. preceding equations, ' \ „ , 

ty' = I(-x + v%r) . 

*.' . " * ■ .. 

' ** . e- /2vf + 3 ' -2 + 3V3 I ' ' //" 

Thus P, has the nev coordinvtas I — ^^- g -^ , g - J J ■ .^^. 



(-l^ +5 1* + 5V3 \ 
;3 — ^^ ' — 2* — / " 



o. 



BXaiiqale 2. pinji t he equations relating coordinates in*'C. and C» when 
C is dbtained from « ty a rotation of (a) >J$5 j (k) '"30 *. / 



S olution : . /* 

(a) Since sin ^5° = cos -1*5° = ^ /we have, upon substitution in the 

» 
preceding equation. 



• -; 



'-. = J^c + JLy = -i( x + y) 







■/2 ' ■/% . V2 

fk lz fi 



T . y. =^L 0C +_Ly = -L-(, x + y ) 



,Ov 1 



(b) Since sin (-30 ) = - ± and cos (-30 ) »*-§-, we have 



J 



2 



p> -4-. 



*' 



# 



fV 



. ^ 1 

x -g-x - 2 y 
y.« = ±x ; + -f-y 



; 1 



We can solve f^r x and y in terms' of x 1 and^ y* in Equation (3) 

« 

(1) x cos o; + y sin a » r x* • f 

^-x'sin a + y cos a = y' . * J? 

(2) x cos g, + y sin a cos a = x* cos a 

* ■ ' r * t - • % ■ 

x sin a - y sin a cos a = -y 1 sin a . - 
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(3) Addlng^prra»onding membeBsy ve have:/ 

y^ : xcos 2 a + x sin 2 a =■ x« cos a - y' sin a , - 

k .^r . xfcSfi? 9 * sin 2 a) =• x' cos a -j^ 1 sprU ; - / 

\ * ^— + 

hence, / •• , x <= x' cob a - y' sia u a .* 

•.- / f • s • >"- 

(If) .By % similar ^process: y = x 1 sin a + y* cos a . 

tfe shall reT«r to etth«r of the pairs of equations 

' "^ • ' '4. * ' 

!x* = x 'fcos :'ci + y sin a . ( x = x* cob g - y' sin o 
y» = -x sin h + y cos a" or * ( y = x' sin'a + y' cos a : 
as the equations of - rotation . 

2 V- " 2 £ 

Example 3. What equation represents the graph of 2x +_ V3xy -" 2jjr «= 16 

vhen the axes are rotated 130 « ? 

Solution • • ■ 

^ ' . . ' f 

(1) Since 6 = 30° , the equations of rotation- are: * 

* ' -\ ' ' ' "1 

x = x» cos a- y' sin ©- * ^(t^x' - y») 

t . 

y = x* sin a + y* cos $ = ^(x 1 + v^y*) . 

(2) Substituting in the equation 2x 2 + W5xy - 2y = l6 , and per- 
forming the indicated multiplications, we have x , 

|( 3 x« 2 - -2^x'y« + y« 2 ) + ^3(V3x» 2 + 2x«y» - t%' 2 ) y 
/ ■ . . _ i(x' 2 + 2/3x*y' + 3y f ) =.16 . 

(3) Simplifying, Ve have x» - y' = h . 

* 

We recognise the gr^ph of this equation to be a, hyperbola. The graph 
in the x'y 1 - coordinate system can easily be drawn. " 4 
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Figure 10-5 



Note that a^fetaition of axes through an angTe oF 30° made thexy-term 
disappear. Jt was the elimination of the xy-term which 'toade it possible for 
us to graph the ourve much*li]6re readily. , What we have* not discussed is^ 
method for determining through what angLe a given set of axes may be rotated 
» > to eliminate the xy-term. Unfortunately we, cannot develop th'is topic here. 
Ihe interested student will enjey studying, this topic In the supplementary 
chapter. . <*- 

■ 
Example ^. What equation represents the graph of x 2 - y 2 = k when 



the axes are rotated k^° 1 
Solution 



V 



(l) Since a = ^5 t the equations of rotation become: 



X = (x* 



1 y 

y c — ( x» + y» ) . 
(2) Substituting in the equation x - y = h we have 



|Cx ,£: - 2x*y« + y* 2 ) - |(x' 2 + 2x'y* + #* 2 ) = h 



• i/w^ 



X 3) Simplifying, we have x'y' = -2 • 



-n 



401 



£95 



" -K- 



1-0-3 * 



#• * 



V 



We have here bto different equations # cf .the same equil'a^eral hyperbola. 




^^. 



* Figure 10-6 , *> 

" i n this, example, the -equation with which *ve began, haa no xy-term. After 
■ a rotation, an xy-term appeared a^d the squared terms vanished, tt may seem 
at first glance that we* made a simple problem foarfc* # There may be a good 
.reason, however, why we may vant to convert* an equation fr'om one form to f . 
another, - , * <* -• • , « 

The equation x'y« = -2 tells^jf teat the variables X» and y' .are 
inversely proportional to each other, 'inverse proportions are of frequent 
occurrence in science. For e'xal^f^in traveling a fixed distance at a ^ 
constant rate the "speed i, i^J^eV^portioftal to tfa/ tiie S> the velocity 
• of. the w*nd is inversely' proprotional to the spacing of the Isobars |lines of 
constant pressure ) on a weather map*. ' We are trying to point out, /in this 
instance, that the study/of a curve whose equation has the .form xv = k , a 
constant, may be more profitable than, the study of the curve whose equation 
2 



has the form x - y - a , 



a constant. 



We now generalize th* situation discussed in Example h. If we start 
with a second degree equation containing no xy-term, a rotation of axes 
through an angle a , whose measure does not equal -~ , for any integer k , 
will usually introduce ^n xy-term into the transforme d equatio n. (An 
exception to this is the equation of a circle). 
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Consider the equation of the seoond degree -which contains no xy-term. 

-i 2 2 * ' ' * * 

Ax + ,Gy '4 Dx + By +* F -A , " ■ • 

anfl apply the equations ofV potation « 

x = x* cos a r y' sin a 
y = x 1 sip a + y* cos a . 

Af^er ve substitute and perform the indicated operations, tills equation 
becomes: * * *:.>'** 

• A»x» 2 + B , x'y*' + C'y ,2 '+ D*x + E'y + J' =■ . * 

with respedt to the new axes. Hie hew constants are in terms of the constants 
A,C,D,E, and F . When A* = C* and B 1 = the equatiOH represents* 
a circle. (The details will be left as an exercise.) 

This last equation is called the "General Equation of the Second Degree" 
arici is written without mrimes as follows: 

/ * [ '• 

2 2 -■■•*.« 

Ax + Bxy + Cy+Dx + Ey+. F = 

*:%..In the Supplement to Chapter 7, we^consider the method of graphing .such 
equations. In particular you will learn how to remove the xy-term by a 
rotation of axes through a determined angle & . You have already learned 
hov to translate the origin to remove the linear -terms. When both "of these 
operations are performed, the equation of the curve is in a form which is 
simpler to analyze and graph, , 

* * ! 

Polar Coordinates, It wasYpointed out earlier that when the polar axis 
is rotated through an angle whoso measure is a , the point P - (r,0) will 
have new coordinates (r,fl - a) • Figure 10-H .illustrated this relation. 



(1) 



Let us now consider a polar equation 



e coc 7 6 - a) 



which represents a conic whose axis makes an angle whose measure 'is' a with 
the polar axis. We Illustrate an ellipse in such a position in Figure 10-7. 
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' ' , *' .Figure 10-7 < ' 

» . ■ . ( 

If 'the polar axis is now rotated through an angle whose measure is or , 

_*• 
then an equation relative to the new polar axis, QA ,, will be 



(2) 



!5£ 



r = i -*■ jrr , where 0* = -. a . 

1 - e cos 0* ' - 



You will recognize this as a polar equation of a conic with focus at the pole 
.and axis along the new polar axis as discussed In Chapter 7.*- '. 

■ - / 

This rotation enables us to graph the same curve by using a simpler y 

equation. This ef f ect^ |*as observed earlier in Section 10-3 which.. was cotf- 

cerned with rectangular coordinates, __ , ' 

Tire polar equation which represents a circle is r = k ^ a constant. 
This equation is independent of 6 and is not changed by any change in . 



Example. Graph x = 



-16 



3-2 cos(0 + 6o°) 



Solution . We first rotate the polar axis through .an angle of -60 , 
The equation of the curve relative to the new polar axis will be 

'v 
r 



18 
3' r - 2 cos e* * 



This equation represents an ellipse with, its focus at. the origin and with 
its major axin along the new polar axis as shown In Figure 10-8. 
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Figure 10-8 



"~~ , Exercises 10-3 

1. Points A = (1,0) , B = (5,-2) , and C = (3,4) are vertices of a right 
triangle. Find the coordinates of these points after the axes are 
rotate^ 150. . Using the new coordinates, shov that the area of the 
triangle has not changed. 

2. What is an equation in terms. of x* .and y r of the line 

3x + 2y - 8 = a^ter the axes have bee*n rotated -^ ? What is the 
slpp.e ; of this line in the ney coordinate system? 

3. Given the equations of rotation 

x = x» cos a - y' sin a / 
. y -- x* sin a + y' cos a . 

Golve these equations for. x* and y' , 1 

h m What is an equation of the parabola x = y with respect to axes making 
• an angle of U5 9 vith the original axes? ' ' 
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■Find the transformed equation if the - * axes are rotated through the 
Indicated angle. 

(a) x 2 - V^xy + ,2y 2 ' = 3,-6= 3<> C 

(b) 23x 2 -fe-8xy + 17y 2 =- 25 , S Is the angle whose tangent equals ^ . 

( c) xy = k , 6 - % ' •„*•',. 

(a) y 2 = i*„ e*=f^ . * . « • .,. ; 

; a 2*2" * ' ' ' ' / 

Given a circle whose equation is x + y. = r * Find the equation of 
. this circle with respect to the.nev axes after the original axes undergo 
a rotation through any angle whose meapure is a . 



J- 



Graph each of the following after rotating .the polar axis to sJjgiify, .-the 




equation, 
(a) 



r .-- 



} 2 - cos(0 - 60 



ft 



(b) 



10 



5 + 3cos(0 - 120°) • 



S 



(c) 



r = 



i - 



1 + sln(i) - 30°) 



\ * 
Challenge Problems ' 

1«, Given the general equation of the second degree ' . . • 

2 2 

Ax + Bxy 4 Cy + Dx + Fy + F = . Find an equation of its graph if 

the nxev, are rotated through an angle of ti . Let A* , B' , , and C 



be the coefficients of x''" , x*y ! , and y ,c ~ respectively. Prove that 

B' 2 - 1»A*C' = B 2 - %AC . (This < 
characteristic of the equation. ) 



B'^ - 4A'C =-■ B 2 - %AC . (This expression B 2 - 4AC is called the 
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)2, A set of axes is rota-tyfed through an angle of treasure a so that the 
v - equations of rotation are: • 



^ -if! 



cos a -' y* sin a 



' y = 3«? sin a + y' cos a * 

^ • ' '/ " 

This rotation is follcfwed by a second -rotation through an angle of measure 

so that the equations of rotation are: ' ' . ' * »\ * 

r * - x" ctos 9 - y" sin 6 ' ' ' -A' 

* ■ / ■* . * 
t < *y =■«•■. sin + y" cos © « ' ■> 

' <■ ■ %k . ■ ■ 

/ : . . i 
Prove - analytically that the coordinates '(x.y) and. (x",y M ), are related 

<*. : " 7 • 



ly* =Y. 



,.{ 



x = x" cos (0 «- a) - y" sin (6 + a) 
y <= x" sin (0 + a) + y" cos (6 -f' a) 
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Invariant Properties . 



I 



It vasj mentioned in Section 10-1 that certain properties of geometric 
Objects often remain the same under transformations,^ Exactly which properties 
remain invariant depends, of course, upon the given transformations. c 

The geometry we are studying, called Euclidean geometry, is identified by 
the fact that the measure of both distance and ang^e of geometric figures 
remain invariant under translation and rotation of axes. Many other geometric 
properties also remain, invariant. These include the order of points on a line, 
collinearitir of points, and concurrence of lines. Here we shall discuss oKly_^ - 
the measures of distance and angle. *"' The othei* geometric properties will be C 
illustrated in- the exercises. 
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We shall first consider the distance betveen two 'points in a piane under. 

« • » . : 

a translation of axes. 
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Pj,= Ui,yi) 



, * . . ' ' - Figure 10-9 

In the figure, the x-axis and y- axis with origin at have been 
translated so that the n,ev origin is at 0* - (h,k) . with respect to the old 
axes* Observers at both and 0* look at the same two objects and con- 
sider the dist/aace'betveen them. The observer aif refers to their locations 
as positions P, and -P , and the distance between -$hem as s , while the 

^observer at 0* refers to the positions as P 1 f ' and Pg' and the distance 
between them as s* * » * 

You and T know that s - s» . But how can the two observers reconcile 
their observations? To answer this questio^ we list the khown facts: 



/ "o I 

(i) s - d(r 1 ,P 2 ) - /(* 2 - \)'~ + (y e - y x )' 



and s 1 



dCr^^g') = J{ 



V - 



«) 2 +. (y. 2 '-'- y^) 2 ■ 



S 



\2) The equations of translation relating the coordinates are: 



Using these facts, we have: 



(3) 



( x^' = x^ - h 



\ 2 ' "2 



> 






x' = x - h 

y i = y - k 



Therefore x ' - x^ 



Pl*>&> 



*2*- «1 



■ ■ )■: ' i ':■;- x 

• * - i • • 

' ■ •. . • r ;. ■ ■ . .- • 

:'■"■ ■ • • V V • ■■:-.' "i 10 ' k 

* x - ' ; : I * ' 

( y 2* = y 2 " k ' ' . ; ' ' 

and .»; Therefore, y • - *y • = y - y ' ' k 

(k)- We substitute the expressions from (3) * in/ the formula foir s 1 , 

r V — ^ 5 ' * • ' . to . 

obtaining a* «= /(x^ - x») + tVp - "y,) which is identical with 



« « 



th^ formula for s , as was to "be proved. * ^ 

A numerical problem may help in making the above discussion clSardr. Let 

* • ■ • * 

F = (5,6)'^, *P 2 *=• (-1*2) and " 0*' = (5,-2) . f Thus the equations *of irandla- 

tidn are i x* = x - 5 and y' = y + 2 . . , • * 

The coordinates of P'» , ar? (-1,8) . and of " P » are (-6,k) . . Thus r 



Tne cooroinates or if. • , ar? (.-i,o; ■ and or r* are {-b,n.) , . Thus 
4(P 1 , ,P^> - V2^+ 16 = V5T ", d(P 1 ,P a J/= ■■V25I+ 16 = Al •, and we have / 

d(P L ,P 2 ) = d(P 1 »,P 2 ») 



What if the axes in the above, probtem had been rotated instead of 
translated? We would then consider the following: . 

(1) The equations of rotation are: 



x* = x cos + y sin 6 , 
y' = -x sin 6 + y cos 6 . 



so that 

1 _ 



j X' = I c 

ly* = -x 

x.' = x. cos 6, + y-, fsin.6 and Xp' = Xp cos 8 + y p sin 6 ;- 



\ 



< y^ 1 = -x^ sin 6 + y, cos 6 and y • = -x^ sin 6+y cps 

Therefore,- x* - x^' = £x„ - il. ) cos 6 + (y p -y, ) sin 6 , and 

' » y 2 ' -y 1 * = -(x ". Xj) sin 6 + (y g -y 1 ) cos . 

/ ' 

*» (2) Squaring and adding corresponding members, we have:t 

( t J . (x 2 '-x 1 ») 2 +(y 2 '« -y^) 2 ^ (x 2 -x 1 f(co8 2 6+sin 2 6) 

' ' + (yo-yJ^cos 2 e + sin 2 e) , 



,2 ■. , . ■ __ .s2 , ' .. ^2 * 



'2 '1' 
6r_^(x 2 ' - x 1 «) c + (y 2 * - y 1 ») c - (x 2 - x 1 ) 2 -f (y 2 - Yl ) c . 

(3) Thus d(iy,F 2 »} >■ d(Pj,P 2 ) . . " ■ 

Ve see that dtstance is invaMajit under .both rotation and translation of axes 



f 






and ve state *this as a theorem: j 
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TH EOREM 10-2 . The "measure of distance £etweeE 4 tvo points' is' invariant 

\ <■ ' ' • . 

^-v, -under: * 

* ( a) a translation, of axes . ' * ' 

(b) a rotation of axes,. — r* '( - A ■ 

J - - •" • , . ' v • . • • 

The invariance of the measure of. angle under a translation or a rotation 
. of axes follovs directly from Theorem. 10-2, 

„ " . Consider -MBC determined by A « (Xl*^) t B - txg,y 2 ) , and 

\ . 

' C = (x^,y_) . Under either one of the above transformations,, the points* A , 

, * • * * , 

B ", and * C will have nev coordinates. They vill now % be designated as 

A* = (x 1 l ,y 1 , 5 i& = (x^yy) , and- C* - (*$ >*$) , vith ^respect 'to the 



i 
nev axes'. 



Since distance between? points is invariant, we have AB e A'ffl^ 
BC = bTc 1 " , and AC ^ A , C» . Hence, AKBC = AA/B*C* and the corresponding 
angles are congruent. • " 

t 

THEOREM 10-3 . The measure of angle J^s invariant under: 

(a) a translation of axes. \ ■, 

(b) a rotation of axes. \ 

It would have been possible to prove the invariance of the measure of 
angle under translation or rotation independently of the invariance of distance 
discussed here. We could start witi" Jie formula 

. 1 + nLra ' 

cos e =■ ■ — , 

A + m, A + nip ) 

and consider the. lines 1^ : ax + by + c = and Lg : a*x + b f y + c» = . 

Upon the translation of axes, the lines L and L p , with respect to 
the new axes have the equations 



T^' : a(x« + h) + b(y» + k) + c = , 



or - . V 

and L_* 






ax* + by' + (ah + bk + c) = . S. 

\ 
&H* % *• h) + b»(y» + k) ; t c« - , 



a'x 1 + b'y« + (a'h + h'k .+ c f ) --- . 
The slope£bf L» is given by n^' = | = n^ , and the slope of L ? ' is given 

1*10 ^14 i • 
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*■ 1 

by hu* = - ct = nip . .Since tfc^slopes are equal,, cos 6* •= cos >6 and $' = 9 

1 for the principal value. Hence" the measure of angle Is invariant unde** , 

j translation. • - , \ > <, 

f ^ •' . v 

•■ , The proof of the invariance of angle uhder rotation "involves considerable 

algebraic manipulation and is left, as a "challenge" exercise. , ' 

. ., ^ •. : 

' ■- '. Exercised 10-h ' 

1. (aL^»i-nd an equation of the line through A v (2,l) and B = (0, 1 *) 

• ■ /* ' " 

and draw the line* % ' • 

.' v (fc) Find the coordinates of A and B and t» equation Of the line 

after the.origin tfts been translated to (-h f -6) . * 

(c) Verify that d(A,B) is invariant ipdfer this translation. 

2. (Refer to Exercise 1 above) f , 

( a) Find the coordinates of A pnd B and an equation o£^fche line 
after the axes have been rotated 90 . 
• (b) Verify that d(A,B) is invariant under this rotation. 

3. Given line L : kx. - 3V - 12 = passing through A = (0,-k) , 
B = (2,- -|) and 9 = ( 3,0) . 

(a) Find the coordinates of these points (now renamed A* , B' , and C* 
respectively) and an equation of the line (now called Lj) when the 
origin has been translated to' (-1,-1) . J 

' (b) Verify that the order of points A* , B« , and C« is the same as 

"O , that of A , B , and C '. \(That is, order of points on a line is 

invariant, n 
(c) Verify that A'. , B» r and C» are collinear. (That is, ^ 

collinearity of points is invariant under translation.) » 

I*.' Given lines 1^ : ,4k - 3y - 5 - , L g : x - 2y = , and - , 

L : 5x - 3y - Y =- . 

* % 

(a) Verily that 1^ , I , and L, are concurrent. 

(b) find equations of these lines (now renamed 1^* , 1^* and L^ ) I ■ 
a£ter the origin has been -fcranslated to (3,-2) . 
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(c) Verify . tKat 1^' , L » and L' are ^concurrent, , {'That is, 

s >J '"' 

concurrence' of lines is invariant under fcaasltftion. ) 

(d) What is the relation between the poinVurf concurrency of ^ , Lg 

and*L an& tha* of L, ' , L '' arfe L' 1 '? , - 

<e) Do parts- (b) , (c) , (d) if, instead of *trai#ilatiisg #th<* origin, 
the axes are' rotated U5 . ' I x "— 



* 



Given lines 1^ : 3x + 2y - & e 

and « L 2 f 5x - y - 9 = . "* r •* ■ \ 

( a) Find the acute angle between 1^ and L g _ at tfteir point of 

intersection. , r 1 

(b) Find equations of 1^ and L g ( ho v called 1^' and Lg*) after 

tlidvorigin is translated to (2,2) . 

(c) Find the angle between L,' and L 2 ' . and verify that tha*angle 

is invariant under translation. * » 



Challenge Problem 
» . ■ J 

Prove that the measure of angle is invariant under a rotation of axes, 

J 
without 'making use of the invariance of distance. ' Jr 

/ 

10-5. Point Transformations 

I* the previous sections we considered an operation called the "trans- 
formation of axes". We now consider another type of tranformation which 
achieves similar results from a different poiiifl^of view. However, this new . 
point of /view leads to significant results, such as the transformation of a 
given curve into a corresponding curve which is not congruent to the original. 
This we could not achieve by the original approach. 

We now consider a transformation, called a point transformation , which 
carries each point A into another point A' in the same plane. Thus tfre I 
points of a figure F are carried into a set of points forming a figure F f / 
as shown in Figure 10-10. The axes ,remain fixed. 
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Figui-e 19-tC 

In this sense a tr^nsf ormation, is* aif eperfetiori by which each element of a 
geometric figure is Replaced by another element. Another way 'of expressing 
this concept is that a transformatio»-4.8 a. one-to-one correspondence or . / 
mapping of each point of A onto a corresponding! point A* , . The plane is . 
mapped onto itself. A tjpint transformation' is written symbolically <as ' 
A — *-'A' arid- A' isvcalled the image of **A . 

We can also consider, translations and*rotations as point transformations. 

In Figure 10-11, P = (x,y) has been mapped into P» = (x*,y*) by /'moving'* the 

point horizontally a distance of h and vertically a distance 6*f k . Thus 

f ' , . • * 

1 / x 1 

i y» 



x» = x + h 

y» =y-+k . 

■ 

Another way to write this transformation is (x,y) 

form will be used frequently in the renairiderX of the text. 

/ ' . 

P' " - 

(*>y ) 



(x * h/y + k) . This 



n 




Figure 10-11 

This pair of equations is 'similar to those derived earl-ier for a translation 
of axes; they differ only in the signs of h -and k / This occurs because 
we are now moving the point and keeping the axes fixed. " * 

\ 
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The following example will illustrate this fact. , 

'Let points A = (2,0) , r B = (2,1) and C = (4,1) be the vertices of a* 
triangle as shown "'in Figure 10-12. t These' points *nov undergo a point trarife- 
R>rmation given bjr » . k ,..*"* 

/V = x + 4 

^ . Ay' = y + 6 » . * ; 

Thus' * "A '<= (2,0) — ^*A^ =(6,6). ^ ♦- ^ " 

B .= (2,1)— -'& = "(6,7) *" 
C - (4,l)— •- C'-'= (8,7) , ' - 



f? 



**>• 



B' C ' 

(6,7) r-— ^(8,7) 



A* 
(6,6) 



< /. 




. Figure 10-12 

You will note that AABC has been mapped into M'B'C* . You .Should 
also observe that the s,ame "visual effect" could have^been achieved by 
translating the x- and y.-axes to a new origin at (-4,-6) . What ve are 
saying is that .AABC would have the same relative position and appearance to 
a person standing at point (0,0) as M*B»C» would have to a person standing 
at point (-4,-6) t Note thaf^the coordinates (-4,-6) are the negatives of 
the values of h and k used in the point transformation. 

A rotation is now considered as a mapping in. which each point in the 
plane is mapped onto a point the same distance ^m the origin a^ previously. 
When, P — ♦ P* and Q 
congruent angle QOQ' . 



Q» , the rotation- will map /POP* into the 
In the figure, A = (2,0) has been mapped onto 



41 4 



2l v 



# 



10-5 



* 



> 



y 


/ 


* 




^£=30° \A 




0/ 

/ 

f 


J12,0) 


K 



Figure 10-13 

A 1 = (^3 t l) by rotating through an angle whose measure is 30 ; both points 
e at a fixed distance of two units from . A comparable visual effect 
uld have been achieved if the axes had been rotated throu^i an angle V&j>se 
measure is -30° , and .A" = (V^,-l) located on the x«-axls. The idea ve 
are emphasizing is that A has the same relative position to an\pbserver at 
A" as A* has to an observer at A . Also, QA has the same position „vith 

respect to the x*- and y*-axes as 0A* has with respect to the x- and y-axes. 

* * ' 

A similar statement could be made regarding the rotation of any polygon or 

for any general figure F . Th« angle of rotation, could be generalized to be ' 

any angle whose measure is a « 

* 

We now return to the concept of reflection which was discussed in detail 
in Section^.6-2 with relation to the symmetry of curves. We shall now define * 
certain- relfections in terms of point transformation as follows: 

(l) A reflection with respect to the x-axis is given by (x,y) — »■ (x/-y) 
^ (2) A reflection with respect to th e y-axl s is given by (x,y) — *> (-x,y) 

(3) A reflection with respect to the origin is' given by (x.y) — ■*- ( -x, -y), 

IJote our use here of the alternate, notation -indicated earlier in this section.- 

Reflections with relpect^ to lines L and L* parallel to the x- and 
y-axes respectively are best treated by translating the x- and y-axes to 
coincide with L and L* . In accordance with our practice regarding nota- 
tion we shall now refer to lines L and L* as*thF" x*- and y'-axes respec- 
tively. Thus the point transformations are considered with respect to tlns^ 
x*- and y*-axes and to the new origin at 0* - (h,k) as^ shown in Figure 10-l^d. 
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We can consider reflections with inspect to any point or line but the 
equations of transformation are often difficult to state explicitly. We 
consider this subject beyond the scope of this' text and refer you -to the 
challenge exercises in Section 6-2. 



Sone reflections of* segments are indicated in Figure 10-OA. 




U,y) — **(-x,y) 
Figure 10-lfo> 



/ y (*!.*> 







{-*,.-y,> 

(x,y) — *• (-x,-y) 



Figure 10-lUc 



(x,y)— •- (x',y») ■ 
(x»,y) — (x«,-y») 

Figure 10-lUd 
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In each, of the above illustrations, 'dfP^Pg) = d^',?^ ) . It is 



i\tt 



:<Io: 



possible to prove that distance is invariant under the "s"£t of all reflections. 
We present here a proof of the first case -where a line segment- is reflected 
with respect to the x-axis. 



Referring to Figure 10-Ua, we have d(P 1 ,P 2 ) = J (jtg - x^ + (y 2 - y 1 ) 

2 o. 2 

(Xg - x 1 ) + ,(-y g + y x > . .. Since ( -y 2 + y^ = (y g - y 1 ) 

we have d(P 1 ,Pg) = d(P 1 »,P 2 «) . 

It is also possible to prove that any translation, rotation, ,or combina- 
tion of translations and rotations, can be accomplished by a series of no 
more than three line reflections. A proof will be found ih the Supplement 
to Chapter 10. We shall merely illustrate it here in three examples. 



Example 1. Show how the translation of MBC to the new position 
indicated by £A"B"C" can be effected by a series of line reflections. 






Figure 10-1 ') . ' 

In Figure 10-15, we see that MBC has been translated to M"B"C" by 
a series of two refeletions. Tne axes, of reflection, Ly and L^ , were 

selected parallel to AC , Axis i, may be 'chosen freely but there is only 

one position posaibJe for L . , .... 
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Example 2. (Same as 



/" 




/ 



Figure 10-16 

In Figure 10-l6, we observe that MBC has been reflected vith respect 

to axes lu. and L p , with the res'ult that it has been both translated and 

v ■ 

rotated* 

Example % Demonstrate how axes of reflection can be selected to move 
a directed line segment from one position to another given position. 



Y 




,-* Figure 10-1? 

In Figure .10-17, 7S — f* A"B" by a series of at most three line 
reflections by using the following , procedure, 

(1) Draw AB and A"B" intersecting at P . 

(2) Bisect angle P and call the bisector 

(3) Reflect AB with respect to PP*' . A*B« , the image of AB , will 



I * 



- J 

pp* ,4ff . 



lie on A"B' 



s 
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poo 

*-" — iJ 



r 
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(h) Construct QQ' , a perpendicular to B'A" . Reflect A'B' Vith 

respect to QQ' .. Its image" DC lies on A'B f and coincides vUth 
B**A" 

r — r — — ♦ 

(5) Construct KR' ■ , the perpendicular bisectojf of CD . Reflect CD 
vith respect to RR' . Thus D — ~ A" and C — *■ B" and the 
order of points on A"B" is the same as that of AB . 

The selection of axes of reflection vhen AB||A"By is left as an' 



exercise. 



The effect of one or more reflections upon a geometric figure can be 



♦ * 



studied analytically "as ve}.l^ as by aftual construction and observation- To 
illustrate this approach, we shall consider the point reflection t 
(x,y) — *- (-x,-y) . 

Upon applying this transforation to the line L : ax + by •+ c ■ , the 
equation becomes - L' : -ax - by + c = or ax + by - c = . The lines L 
and L 1 are parallel but the intercepts on the axes have different signs. 
Specifically, the -line ) 2* + 3y - 6 = , vith intercepts (3,0) and (0,2) 
transforms to the line 2x + 3y .+ 6 «= with intercepts (-3,0) and (0,-2) \^ 

t 

* • 2 2 2 h 

When the same transformation is applied to the circle x + y = r , 

ve note that there is no change in the equation. This result verifies the 

fact that this circle is symmetric with respect to the origin. A similar 

resiA Is obtained for^fche ellipse' b "x + a y =^ano , the hyperbolas 

b ? 'x 2 - a 2 y 2 = a^ 2 and xy '= k , the cubic parabola y = X" 5 .^and any other%p 
curves that are symmetric to the origin. 

op * 

The circle x + y + Dx + Ey + F = transforms int^another circle 



.nt^a 

isurW 



x 2 + y 2 _ Dx - Ey + F = . The radii have the same measurW but the center is 

now at (J»|) instead of at ( - | , - |) . Figure 10-16 Illustrates the 

effect of the point reflection (x,y) — *• (x'y 1 ) upon the circle 

C . x 2 * y 2 - hx - 6y - 12 = . The equation of the transformed circle is 

C : ,x 2 + ^ *- ^x + 6y - 12 = . C and C both have a radius of t> but 
the center of C is at (-2,-3)' while that of C is at (2,3) . 
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Figure 10-18 

* 

A second reflection (x 1 ,y') — *• (x",y") • with respect to the same point' 

2 2 
vlll map C into C" ': x + y - Ux - 6y - 12 = and we observe that 

K . ■ ■ 

C" = C . A similar result is obtained when any reflection is followed by one 
of the same type and with respect to the same point or line. A number o$ 
transformations, other than reflections have this same property. We shall 
discuss one of these in the next section. 

A variety of point transformations will be presented in the exercises. 

'. t 



Exercises 10-^ 

1. Given points A ='(1,2) and B = (3,- 1 *) . Reflect A and B with 
respect to the 

(a) x-axis ' (c) origin 

(\/j y-axis (d) line- x . = 6 . 

Verify in each case that d(A,B) is invariant. \ 

2W The equation x' = x + 2 may represent, a point transfqimatian along the 
x-axis. Select any three points On the x-axis, find their imyfes under 
the transformation, and determine two properties which remain_ invariant. 
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3. Perform Exercise 2"for the transformation x' = 2x . Find three 



properties invariant under, thia transformation., « 



"Show that the 



le between the 



l^ri 



es\ L 



$ 



\ L 1 



and L : y 

i c. 



x ' is 



'J preserved under rotation through an wangle of measure £ 



5. Show the effect of the mapping indicate^ f$r each ofi the following curves 

■> • v- 
by graphing both the original curve and il^s image on- the same set of axes. 



(a 
(b 
(c 
(d 
(e 
(f 

(g 
(h 

(i 



y » x j (x,y) 
2 



^x 2 - 9y 2 -.36 j (x,y) 



2 2 
x +y -2x+^y+U=0; (x,y) }■ 



V 



-x,y) • * "\>v \ 

x = y ; (x,y) — •* (-x,-y) ^ 

xy = 6 ; (x,y) — *■ (-x,-y) 

♦ 

(3x,2y) 

(-x,y) 
j = x J ; (x,y) — *-(x,*-y) 
y = sin x ; (x,y) - J -»» (x,-y) ' • ,, 

y = tan x j (x,y) — •- (-x,y) 

x * *" 

y = 2 ; (x,y) — ^(-x,y) 

A = (-2,1) , B = (5,-2) , and.'C = (3,3) are vertices of a triangle. 

They are rotated about the origin through an acute angle 9 such that 

* 
3 
tan 6 = r . Test ancj verify three properties which remain invariant 

* 

under this rotation. 



/ 



(a) G^ven the segments AB and CD as shown in the figure. Show, bj 
construction, how A"B can be mapped into CD by means of line 
reflections. * - % 



\ 




/ 




(20,0) 



H21 
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io-6 



"V 



(b) Trace congruent triangles ABC and DEF .keeping their relative 
positions. Shov how to map MBC into ADiF by the method used 
in part (a) . 





e : 'f 

8. The points on the following curves are rotated through an angle of 
measure 4 with respect* to the origin. Find the equations of the 
transformed- curies. Sketch each of the curves and its image on the 
same set of axes. 

(a) 3x + 2y - 8 = 

(b) x 2 + y 2 = 25 

(c) y = hx 

9. Discuss the transformation " (x,y) — - ( -y + 3 , x + 1) by finding the 
images of the curves in Exercise 8. • 

10. Determine whether parallelism i^ preserved when the lines 

K, : 3x - 2y ,+ 5 = and Lg : *3* - 2y - 3 = undergo the mapping 

(x,y) — *•(* + y, 2x - y) • 

J 
t 

10-6. Inversions . 

We conclude with a discussion of a point transformation called an 
inversion. 

Consider a circle C with radius r and center at . Select, any 
point P / , d(0,P) >|r , and draw OP . With P as a center and OP 



J 



h2?22r % 



( 



A 



\ 



as radius draw ,an arc intersecting C at R . Finally, with R as center 
and a radius r draw an arc intersecting OP in P' . The construction is 
shown in Figure 10-19 . (Note that this construction requires that the 
circle be intersected at point R .) 



C ■ 




Figure 10-19 • 
£0RV is isosceles since OP = RP ; A0RP' is isosceles since W. « RP 7 " . 

Thus /ORP = /POR « /OP'R and ARPO = AG$P« -. Then X'^ = a(o'p») and 

p 
d(0,P) " d(0,P') = r . Two points P and P» which meet this* condition 

are said to be mutually inverse points with respect to circle C , 

J ■ . 

When d(0,P) <^r, the arc drawn with' P as a center and Op" as radius 

will not intersect the cir*cle. In this case, construct the perpendicular 
bisector'of OP intersecting the circle at R and OP in S . At R , 
construct / ORT = £ POR . Then RT will intersect OP in P» . It is 
left as an exercise to prove that OP • OP' = r . 



DEFINITION . An inversion is a point transformation which maps 
each of two arbitrary points which are mutually inverse into 
the other. 



Circle C is called the circle of i nverssion and point is called the 
center of inversion . Point P* is said to be the inverse or image of P , 
and vice-versa. 
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Each point on the unit circle is its own image; each point outside this 
circle has a unique image insidej and, with* the exception of the origin, each 
point inside the circle has a unique image outside. This is true because 
if d(0,P) < r , we have d(0,P») > r , ana'for d(0,P) > r , we have 
d(0,P«) < r . For any point on the unit circle, d(0,P) = a(0,P' ) = r . 

We now obtain an analytic representation for such a transformation 
simplicity, we let r = 1 . 

R 

y 



For 



I 




Figure 10-20 

Given a unit circle C with its center at the origin. Draw any ray OR and 
locate on OB mutually inverse points P and P 1 . Construct perpendiculars 
from P and P' to the x-axis, intersecting the axis at M and N # respec- 



(1) f.ince ^DMP ^ADNP' , affipi) = X 7 ' 

(?) By definition, we have d(0,P) ■ d(0,P*) = 1 or d(0,F) 



1 

d(q,P') 



(3) Thus by substitution, 



T 



(a(o,p)r • 



y 



(d(0,P'))' 

(1*) Since (d(0,P)) 2 = x 2 + y ? and (d(0,P')) S = x' ? + y' ? , 
x 1 



we have 



a X 2 , 2 

§ and p-^x + y 

x 1 + y' 



(*j) Thus 



,2 . 2 
x' ♦ y 1 



and x 1 = 



x 

-g g 

x + y 



2?S 

k2k 
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y * * y 

(6) In a similar fashion, y = — 5-^ 5 and y 1 = -5-* — 5 . 

* ■ x' d + y* ' % + y 



\ 



(7) The .pairs or equations: 

X ■•'t _ 

X = ?; 7f t % ~ 



2 

y 



f ' ( X = ,2 x ,2 ■ ( 2 

( y= V 2 y * E V^ 

x 1 + y 1 .r"~> x ■+ y 

are called the equationV'of the inversion transformation. tye shall 
now investigate the effect of applying this transformation to 
several curves. 

Example 1, What is the inverse # of a straight line with respect to a 

unit circle? . # 

(1) Let L : ax + by + "c = with c £ .. Then L 1 , the inverse 
of L , has the equation 

x' + y» x* + y» 

(2) -Thus c(x' 2 + y |2 ) + ax« + by* = , or x' 2 + y« 2 + |x» + ^y* - . 

(3) Completing the squares, we have; 

^ ' */ . ^a x 2 , , To .2 a 2 + b 2 / 

v " (x * + 35> +(y ' >2Z ] E ~i^*" 

V / a b \ 

and \te recognize- the graph of a circle with center at { - -^ , - -^}, 



with r\— - — 1—^- , and passing through the origin as illustrated 

in Figure/lO-21 .' 
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Figure 10-21 

Thus a llnejiot passing through the origin transforms into a circle 
passing through the origin. THe converse of this theorem Is also true: a 
circle- passing thru the origin transforms into a straight line not passing 
through the origin. The proof lst'left as a Challenge Problem. 

There is an interesting special case of this problem. Note that ia^the 
example given we 'defined the line L by ax + by + e » and c ^ . What 
if c = ? ' 

In this case, we have L : ax„+ by = or y = - r-x or y « mx where 



m is the slope. The inversion transformation yields 

mx* 
x' + y 



- y' 
-£-* — ^ 



c* + y» 



Thus y 



f _ 



mx* and we observe that a line passing through the origin trans- 



forms into itself. Another way of sayi,ng this is that a line passing through 
the origin remains invariant under an inversion transformation. 



23') 
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Exangle 2. What is the inversey^th respect to the unit circle, of a 
network of lines x=C, parallel lft>»>d«, and y - k , parallel to 
the x-axis? 

(1) The lines x = c transf omj 4nto 

. c or c(x' 2 + y |2 - *' ■ 



? 2 

x» d + y' 



l x 2 



$ (2) Thus x' 2 + y' 2 - f^-O-, or <*'- S ) +y* -^g- 

/ 
This equation represents a whole "family of circles" passing through the 

origin with centers at (-g£ , 0) . • 

(3) in a similar fashion, the lines y = k transform into a family of 
circles with centers at (0,'^j and passing through the origin. 

A part of a network 'of lines and the circles which are their inverses 
are shown in Figure 10-22. 
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Rqu have already observed an unusual result; For the first time 'in this 
discission, a curve has been transformed into a different curve> Such an 
event was m&de possible because we are dealing with point transformations. J n 
Figure 10-20, a different scale was used for the two drawings. 

As a final example, we consider the following- 

Single 3. What is the inverse of a circle with respect to the unit ' f ' 
circle? t * 

(l) Consider the general equation of a circle 
£ 2 
C^x + y +Dx + Ey + F=0,and apply the equations of inversion 
Thus we have < ■ , , 

x ' 2 y' 2 Dx« Ey' * 



; ..(x' 2 + y. 2 ) 2 .. (x' 2 + y. 2 ) 2 + >x .2 +y ,2 + x> ? yf 2 

x t + y' x' 2 + y' 2 X^+y- 2 

(2Y Thus since x' 2 + y» 2 /£ , F(x' 2 + y' 2 ) '+ Dx' + Fy» + 1 = d 
or x« 2 + y « 2 + | x . + | y . + | = 

(3).. Substituting' D' =| , E « =| , F''=I 4f we get 

* 2 2 ■ 

■ C 1 : x' + y* + D'x' + E'y» + F' = 

* . , * * 

which we recognize as a different circle (in general). 

It may be of interest to discover whether C v an'a C are related to 
each other in any way. ' 

V 

Exercise s 10-6 

* -^ — - . '— 

The first five- exerci'ses are concerned with the effect^ of inwsrting the 
given curve with respect to the unit circle. 'The equations of thP i nvers i on 



are 



v X' yt 

X =—2 2 ' y " ? o • 

x« + r x' 2 + y«" 



For each exercise, draw the circle of inversion, the original, curve, and its 
inverse on the same graph*. 



1. 3x + 2y - 6 =0 

2. y = 5x " - 
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» * 

3- y - 3 ' . * 

« 

f. y = kx -(The 1 * graph of the inverted curve is optional) 

5 . (x - k) 2 +<y\- ^) 2 - 16 '■ . 

■* ■ . \ ■» • 

6. Fin£ the inverse of each of the following lines with respect to the unit 

circle. Graph aH of them on one set of axes and all their Inverses on 
another set. The lines are: x = t 2 ,1? = s£J*- , x «= i 6 , y = t 2 , 

* y e + k r and y => t 6 . 

* 

7. In Exercise 1 you found the inverse of the line L : 3x + 2y - 6' = . 
Call the inverse L' . Now apply the same transformation to L* . What 
can you conjecture from the result? • 

8. Derive equations- of inversion wi-fch respect to a circle whose radius is 
r and center "at the origin. 

9. The following four points are coliinear: A = (0,-3) ', B = (1,-1) , 

C c (2,1) and D = (3,3) . Find the inverse of 'each of these points . 

2 2 
with respect to the circle x + y = k and call the inverse points 

A 1 , B 1 , C , and D 1 . Prove that * 



d(A,C) akM,c%k 
d(A,D) _ d(A',D') 
d(,B,CJ ~ d^B'/.-C') 



d(B,D) d(B»,D») 

w 

(This ratio is called a cross-ratio in more advanced geometries). 

10. Refer to the text! and perform the construction of" the inverse point P* 

' — ? 

1 — - — 2 

when r < t; . Prove that OP • OP' = r . 



Challenge Problem . *f a 

Prove that a circle passing through the origin inverts into a straight # <" 

line not passing thrdugh the origin. 

f 

V 

10-7. Summary and Review Exercises . 

We have considered two types of geometric transformations. The first 
type considered a transformation as an operation which changed «ne set of ^ 
axes into another by means^ of translation or a rotation or both* In a transla- /r ~ 
tion, the axes are shifted in such a way that they remain parallel to their 



>_ 
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original positions and oriented in ;the seme direction! the origin is moved. In/ 
contrast, a rotation keeps the origin fixed but new axes are obtained by- 
rotating tjie axes through a fixed angle. Sets of equations were derived to 
effect these operations. We demonstrated how a relatively complex equation 
could be reduced to a simpler form which then could be drawn more readily. 

As. a s%cond type of transformation we considered the mapping of the plane 

* 
onto itself. Rules were given by which any point or sets of points in the 

plane can be> moved from one position to another. This set of transformations* 

can effect translations and rotatjlcrtis^ It can also effect reflections, *n- ^ 

versions, and other changes. Reflections are related to the concept of 

symmetry in figures. Inversions can convert one type of curve into another. 

The exercises illustrated some other types of point transformations'. • 

One of the principal reasons for studying transformations is to discover 

which geometric properties remain invariant under the stated ope^jMLc/ifi . 

Geometries are classified on the basis of these properties. i^Hj^tfff 

« 
geometry Is characterized by the fact that the" measures of distance and angle 

are invariant under the set of all rotations and translations.. Thi^ set is 

often referred te-as the set of rigid motions ^ since those transformations 

preserve size and shape. Other invariant properties were considered in the 

exercises. ' 



Review Exercises 



PART II 



The "Review Exercises" are concerned- primarily with several transforma- 



tions not discussed in the text. They are presented so that you may discover 
some significant facts for yourself and may widen your experience with the 
subject. 

1. % Find the curve into which the. parabola x - 2y is transformed by each 



I 



of the following mappings: 

(a) (x,y^)^-^(2x,3y) 

(b) (x,y) — m.(x + 2, 3y) 

(c) (x,y). — »- (x - 1, y + 2) . 

"S. 

Draw the original .curve and its image for each. Can you find any in- 
variant properties under any- of these transformations? ' 



2 



n 



*• 



& 



2. The mapping (x,y) — *■ (kx,ky) is called the transformation of 

similitude. Let k « 2 and find the effect of this transformation upon 
the graphs of the following: 

(a) 2x + 3y - 6 = 

I 2 ^ 

(b) x + y .» 25 "^ 

' ' 2 
'(c) y = -^x 

Which are invariant properties under this transformation? Can you 
» justify the name given to this transformation? 

x* -+ y* * 
, , v. is applied to the perpendicular 

• - . y = 2 ^ * 

lines 1^ : 2x - 3y + k - and L 2 : 3x + 2y - 6 « . Determine 

) 
whether the geometric property of perpendicularity is preserved under* T 

k. The set of affine transformations is one of^the most fruitful of all 
types studied by mathematicians. They have the form m 

!x = ax» + by* + c ' 

. Many of the mappings studied in this chapter 
y = dx* * ey' + f 

were special cases of this set. For example, the set of rotations are n 

derived by letting the constants a =«os $ , b = -sin & , c = , 
d = sin*6 , e = cos 6 and f = . ^ 

!x = fix* -* Uy f + 1 
j and find its effect 

y = 3x'« + 2y» - k ■ 

• «- 

upon the graphs of the following: 

(a) x 2 + y 2 = h 

(b) k£ - 9y 2 = 36 

(c) kx - 3y-+ 12 = o 

(a) hx - 3y - i = o J 

(You probably cannot identify the linages of (a) and (b) unless you 
study the Supplement to Chapter 7.) 



1*31 9 
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5« .Ill_Problem k, construct lines (c) and (d) and theif images on the 
same set of coordinates. What tentative conclusion can you draw? 

6* Prove that the mapping (x,y) — *■ (-x,-y) is a distance preserving 
, transformation. "* 
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Table I 
Jlatural Trigonometric Functions (Degree Measure) 



Sine 



Cosine 



Tangent 



Cotangent 






0.000 


1.000 


b.000 
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90 


1 
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1.000 
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"57.29 • 


89 


2 


O.035 
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88 


3 


O-.052 
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67 


1* 
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86 


5 


0.087 
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85 


6 
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9.51^ 


81* 


7 
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• 83 


8 


0.139 
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82 


9 
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81 


16 
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80 


11 
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0.982 
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12 
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78 


13 
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77 


Ik 


0.21*2 
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0.2U9 
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76 


15 


0.259 


0.966 


0.268 
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75 


16 


0.276 


0.961, 


0.287 


3-487 '■'■ 


74 


17 


0.292 


0.956' 


0.306 * 


3-271 


73 


18 


O.309 


0.951 


0-325 


3.078 


72 


19 


1 0.326 


0.946 


0.344 


2. 901* 


71 


20 


0.3^2 V. 


0.940 
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2.747 


70 


21 * 


0.^58 


"' 0.934 


•0.38U 
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69 


22 
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0.927 
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68 


23 
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0.921 
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67 
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66 


25 
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.2. 1^5 


65 


26 
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0.488 
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61* 


27 
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O.891 
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63 


28 
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62 


29 
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0.551* 
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61 


30 
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0.866 
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' 60 


31 


0.515 


0.857 


0.601 


1.664 


•59 


32 


0.530 


0.848 


O.625 
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• 58 


33 


) O.5U5 


O.839 


0.649 
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57 
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' 0.829 
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56 


35 


0-57 1 * 


O.819 
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1.4& 


55 


36 
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O.809 


0.72f 
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0.75 1 * 
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53 


38 
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0.781 , 


1.280 


52 


39 ' 


O.629 \ 


0.777 


O.810 


1.235 


51 


1*0' 


0.61* 3 \ 


0.766 


O.839 


1...192 


50 


1*1 


O.&fyr 


0.755 


O.869 


1.150 


49 


k2 


0.66* 


0.743 


0.900 


1.111 


1*8 


k3 


0.68* 


0.731 


0.933 . 


;i.072 


hi 


kk 


O.695X 


0.719 


O.966 


I.036 


46 


1*5 


0.707 ^ 


0.707 


1.000 


1.000 


45 




Cosine 


'Sine 


Cotangent 


Tangent 


Deg. 



J* 



1*33 
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TaWLe II 



.Natural Trigonometric Functions (Radian Measure) 
Rad^ Sine Cosine Tangent Cotangent 



.00 


0.000 


1.000 


0.000 


ilLMJLUJt 


.02 


0.020 


1.000 


0.020 


^9.99 ■ 


.04 


0.0U0 


0.999 


G.OkO 


24.99 


.06 


0.060 


O.998 


O.O6O 


16.65 


.08 


0.080 


0.997 


0.080 


12.47 


.10 


0.100 


0.995 

* 


0.100 


9.967 

i 


.12 


0.120 ■ 


N 0-993 


0.121 


^,8.293 


.14 


0.l40 


0.990 


0.141 


7.096 


.16 


0.159 


0.987 


0.l6l 


6.197 


.18 


0.179 


0.984 


0.182 


5.495 


.20 


0.199 


0.980 


0.203 


4.933 


.22 


0.218 


"0.976 


0.224 


4.472 


.24 


. 0.238 ... 


0.971 


0.245 


4.086 


.26 


0.257' ■'. 


0.966 


0.266 


3.759 


.28 , 


0.276 


0.961 


0.288 


3.478 


.30 


0.296 


0.955 


0.309 


3-233 


.32 


0.315 


0.949 


0.331 


3.018 


• 34 


0.333 


0.9^3 


0.35^ 


2.827 


.36 


0.352 


0.936 


0.376 


2.657 


.38 


0.371 


0.929 


0,399 


2.504 


.40 


0.389 


0.921 


0.423 


2.365 


.42 


0.4o8 


0.913 


0.447 


2.239 


.44 


0.k26 


O.905 
0.89^ 


0.471- 


2.124 


.46 . 


o.kkk 


0.495 


2.018 


.48 *' 


0.462 


O.887 


0.521 


1.921 


.50 


0.1*79 


O.878 


0.546 


1.830 


.52 


0.497 


0.868" 


0.573 


1.747 


■ 54 


0.514 


0.858 


0.599 


1.668 


.56 


0.531 . 


0.847 


0.627 


1.595 


.58 


0.548 


O.836 


O.655 


1.526 


.60 


O.565 


0.825 


0.684 


■ 1.462 


.62 


O.581 


O.81V 


0.714 


1.401 


.64 


0.597 


0.802 


0.745. 


1.343 


.66 


O.613 


0.790 


0.776 


1.289 


.68 


O.629 


'0.778 


0.809 


1/237- 


.70. 


0.644 


O.765 


0.842 


l.lfift 


.72 


0.659 


0.752 


0.877 


1.140 


.7^ 


0.674 


0.738 


. 0.913 


1.095 


.76 


0.689 


O.725" 


O.95O 


' 1.052 


.78 


0.703 


0.711 


O.989 


1.011 


.80 


0.717 


0. 697 


1.030 


0.971 


.82 


0.731 


0.682 


1.072 


0.933 


.84 


D.745 


0.667 


1.116 


O.896 


.86 


0.758, 


0.652 


1.162 


0.861 


.88 


0.771 


• 0.637 


1.210 


0.827 


.90 


O.783 


0.622 


1 . 260 ' 


0.794 



1.3 
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Table II 
Natural Trigonometric Functions (Radian Measure) 



f 



Rad. 



Sine 



.92 


' 0.796 


.9* 


' 0.808 


. .96 


O.819 


.98 


t O.830 


1.00 


0.841 


1>82 


0.85| 


l.#4 


0.86? 


1.0& . 


O.872 


1.08} 


0.382 


1.10 


O.891 


1.12 


0.900 


1.1U 


O.909 


1.16 


0.917 


1.18 


0.925 


1.20 


O.932 


1.22 


"* 0.939 


1.24 


0.9^6 


1.26 


0.952 


1.28 


0.958 


1.30 


0.964 


1.32 


O.969 


1-34. 


0.973 


1.36 


0.978 


1.38 


O.982 


1.1*0 


O.985 


1.42 , 


O.989" 


1.44 


0.991 


1.46 


0.994 


1-^1 


■C- 0.996 


lf M ■ 


- 0.999 




. 1.000 


1:56 •' 


- 1.000 


1.58 • 


1.000 


1.60 


1.000 


1.62 


0.999 


1.64 


0.998 


1.66 


0.996 


1.68 


0.994 


1.70 


0.992 


1.72 


0.989 


1.7^ 


0.986 


1.76 


0.982 


1.78 


0.978 


1.80 


0.974 



Cosine 



Tangent 



0.606 


1.313. 


0.590 


1.369 


0.574 


1.428 


0.557 


1.491 


0.540 


1.557 


0.523 


1.628 


0.506 


1.704 


0.489 


1.784 


0.471 


I.871 


0.454 


1.965 


0.436 


2.066 


0.418 


2.176 


0.399 


2.296 


0.381 


2.427 


0. 362 ' 


2.572 


0.344 


2.733 


0.325 „ 


2.912 


0.306 


3.H3 


0.287 


3.341 


0.268 


3.602 


0.248 


3.903 


0.229 


4.256 


0.209 


4.673 


0.190 


5-177 


0.170 


5.798 


0.150 


6.581 


0.130 


7.602 


0.111 


8.989 


0.091 


IO.98 


0.071 


. 14.10 


0.051 


19.67 


0.031 


32.46 


0.011 


92.62 


-0.009* 


-IO8.65 


-0.029 


-34.23 


-0.049 


-20.31 


-O.O69 


-14.43 


-O.089 


-11.18 


-0. 109 


-9.121 


j0^?9 


-7.697 


-O.I.49 


-6. 652 


-0.168 


, -5.853 


-0.188 . 


-5.222 


-0.208 


-4. 710 


-0.227 


-4.286 



Cotangent 

0.761 
0.730 
0.700 
0.671 
0.642 

0.614 

0.587 
O.56O 
0.53% 
O.509 

0.484 
0.460 
. O.436 ■ 
0.412 
O.389 

O.366 

P. 343 
0.321 
O.299 

0.278" 

O.256 

0.235 

0.214 

■ 0.193 

0.172 

0.152 
0.132 
"0.111 • 
0.09J 
0.071 1 

0.051 
0.031 
0.011 

-0.009 

-0.029 

-0.049 
-0.069 
-O.089 
-0.110 
-0.130 

-0.150 
-0.171 
-0.191 
-0.212 
-0.233 
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3.9 



% 



/ 



/ 
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The Greek Alphabet 




1+36 



N 


V 


nu 


- 


€ 


xi 








onrLcron 


n 


it 


P^\,, 


p 


p 


rho 


A 





sigma 


T 


T 


tau 


T 


V 


upsilon 


4> 





phi 


X 


X 


chi 


* 


* 


.pst 


« 


OJ 


omega 



( 



V 



v; 



1 ^X 

■ V 
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For precisely defined analytic geometry terms the reference is to the 
formal definition. For other terms the reference is to an informal definition 
or to the most prominent discussion. 



I 



abscissa, Pti 
absolute value, 94 
addition 

of ordinates, 220 

of radii, 2 45 

of vectors, ^b 
additive inverse, 105 » 
Agnesi, Maria Gaetana, 186 
amplitude 

modulation, 228 • 

polar, 204 

of sine curve, 224, 228 
analytic representation^ ), 21 
angle(s) 

between two Ifcies, 65, 71, 125 

between two vectors, 1?1 

.direction, 59 

polar, 31 
angular velocity, 176 
Apollonius, ^68 
applications of 

conic sections, 268 

ellipses, 292. 

parabolas, 282 

hyperbolas, 299 
argument, polar, 204 
associative property, 105 
asymptote(s), 214, 298 
axis (axes), 26 * 

of a cone, 268 

of a coordinate' system, ?6 

Of an ellipse, 290 

of an ellipsoid, 357 

of a hyperbola, 2 98 

polar, 31 

of reflection, 205 

of a surface, 368 

of symmetry, 205 
bounded 

domain, 2I3 

function, ;>lj 

graph, 202 

range, 21 j 

set,. lyU' 
.Cassini's Oval, 169 
center of inversion, 423 
Ceva's Theorem, 133 
characterization of 
". 'joints on a line, 106 
cirele(s), 270* % 

o'fi.4. aversion, 423 

orthogonal, 289 
v parametric representation of, 175 

pencil of ; ,'88 *** 



cissoid, I87 V 

coaxial family, 288 
combination linear, 20, 106 
I commutative property, 104- 
' component vectors 114, 334 
components, x- andy-, 113 

z-, 33 1 * - * 

composition of ordinates, 229 
conchoid, 187 

condition for a set, 22, l6l 
cone(a|, 366 / 

ax* of, 268 • ' . 

directrix of, 366 

element .of , 268, 366 

elliptic, J67 

generator of, 366 

nappes of, 268 

right circular, 366 

vertex of, 268, 366 
conic sections, 270 

applications of, 268 

degenerate, *271 

directrix of, 270 

eccentricity of, 270 

focus V, 270 
conjugate axis, 298 
conjugate hyperbolas, 299 
coordinate(s), 7 

cylindrical, 377, 

in a plane, 26 « 

g,lane principle, 35 

planes, 310 

polar, 31 

rectangular, 26 *v 

spherical, 379 

in 3-space, 310 
coordinate system(s), 7, 26 

Cartesian, 29 

linear, 7 , 

linear principle, 9 

polar, 30 

rectangular, 
cubic parabola, 
cycloid 

curtate, 184 

parametric representation of, 182 

prolate. 184 
cylinder(s), 363 

directrix of, 363 

elements of # 363 

generator of, 363 

projecting, 372 
cylindrical coordinates, 377 
de Coulomb, 268 



* 



29 
206 



437 



2*1 



degenerate 

conies, 271 

ellipse, 292 _ 

hyperbola, 2?2 

parabola, 272, 281 
Descartes, Bene', 1, 29, 91 
difference quotient, k2 
difference of vectors, 99 
Diodes, 187 
directed distance, 10 
directed line, 6l 
directed segments, 10, 92 

equivalent, 92 

length of, 10 

magnitude of, 10, 92 
direction 

angles, 59, 318 

cosines, 60, 76, 318 A 

on a line, 57 

numbers, 57, 76, 315 
directrix 

of a cone, 366 

of a conic section, 270 

of a cylinder, *363 
distance, 9 

between a point and a line, 78 

between two points, 27, 31! 

directed, 10 

measure of , '9 
t normal, 75 

polar, 31, 20U 

in polar coordinates, 37 
distributive property, 108 
divide a segment, 18 
dot product, 122 , 

eccentricity, 270 
Elements, of Euclid, 1 
ellipse(s), 270, 290 

applications of, ?9? 

degenerate, 292 

focal radius, 295 

major axis, 290 

minor axis, ?90 

parametric representation of, 179 
ellipsoid(s), 357 ' 

axes of, 357 
elliptic 

cone^ "367 

hyperboloid, 361 

paraboloid, 360 
epicycloid(s), 185 
equations of rotation, 398 
equations of translation, 392 
equilaieral hyperbolas, ?99 
equilibrant, 119 
equilibrium, 119 
Euclid's Elements, 1. 
even function, 208 
extent of a graph, 202, 212 



extreme values, 216* 
factoring a function, 
Fermat, Pierre, '91 
focal radius, 295 
focus of a conic, 
functttm(s), 202* 
bounded, 213 



233 



270. 



even, 208 



298 



298 
363 



period of, 203 . 
periodic, 203 
general form, ^7 
general linear equation, V7 
graph(s), 22, l6l 
bounded, 202 

extent of, 202, 212 

of polar equation, 168 
Grassman, Herman, 91 
Hamilton, William R., 91 
helix, 375 
Hilb^ert, David, 7 
hyperbbla(s), 270, 296 
' applications- of, 299 

asymptotes of, 298 

conjugate, 299 

conjugate axis of, 

degenerate, 272 

equilateral, 299 

transvese axis of, 
hyperbolic paraboloid, 
hyperboloid(s), 361 

elliptic, 36l 

of one sheet, 361 

of two sheets, 362 
hypocicloid(s), 186 
image, U13 
inclination, kk 
inner product, 121 
intercept (s), kk. 3^k 
intercept form, 46 
invariant properties, 390 
inversion(s), k23 

center of, ^23 

circle of, *+23 , 

involute of circle, 188 W 
Kepler, 268 
latus rectum, ?80 
limaqon, 2^ 
line(s) 

antiparallel, 68 

coordinate system for, 7 

directed, 6l ( 

"* direction 'on, 5? 

equation of, kl, k3-kl , 76, 79 

inclination of, kk 

normal, 3^0 

parallel, 67, 68 

parametric equations ofVl88 

perpendicular, 67 - 

symmetry of, 205 * 
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linear combination, 20, 106 

linear coordinate system principle, 9 f l6 

locus (loci), 22, 161 

magnitude df a directed line segment, 

10, 92 

magnitude of a vector, 9^ 

major axis, 290 ' •> 

mapping, 413 

measure of distance, 9 1 

Menaechmus, 268 

Menelaus* Theorem, 133 

minor axis, 290, 

modulus, polar, 204 J 

motion, parametric representation of,170 



multiplication, 



; 



\ 



N 



of ordinates, 223, 226' 
scalar, 98 
Nappes of a cone, 268 

twton, 268 
comedes, 187 
nine-polat circle, 307 
normal, 75 

distance, 75 

form, 76, 82, '31*2 

line, 3^0 ^ 

rays, 77 

segment, 75 

vector, 3U1 
normalized pair,. 58 
normalized triple, 317 
oblate spheroid', 357 
octans, 310 
ordered pair, 26 
ordered triple, 310 
ordinate, 26 ' 
origin", 10, 26, 93 

principle, 93 
' vector, 93, 96 
orthogonal circles, 289 
parabola(s), 270, 280 
*• applications of, 282 

degenerate 27?, 28l 
paraboloi d( s ) , 359 

elliptic, 360 

hyperbolic, 363 

of revolution, 359 
paramet er ( s ) , 20 , 170 
parametric representation, 

of a circle, 176 

of a cycloid, 182' 

of an ellipse, 179 

of a line, 18&, 3I3 

of-4totlon, 170 
path, 173 . ^ 
pencil of circles, 288 
period of a function, 203 
periodic function, 203 
perpendicular vectors, 123 
plane symmetry, 355 



20, 170 



1 



point circle, 271*^85 
point of division 

internal, 17, 27 

of* a segment, 18, 311 
point -slope form, 43 
point symmetry, 205 
point transformation, 412 
polar 

amplitude, 204 

angle, 3.1 

argument , 204 

axis, 31 

coordinate system, 30 

coordinates, 31 

distance, 31, 204 

equations, related, 167 

form, 79 

modulus, 204 
pole, 31, 32 
positive ray, 58 
projecting cylinder, 372 ■> 
projecting' planes, 327 
prolate spheroid, 357 
properties of- vector operation's, 
4uadric surface, 351 
ray, positive, 58 
reflected image, 205 
reflection, axis of, 205 ' 
related polar equations, 167 
representation 

analytic, 21 

farametric, 20, 170 
resolution of vectors, 131 
resultant, 96 . 
right-handed system, 311 
rotation, 397 

Ruler placement postulate, 8 
Ruler postulate, 7 
scalar, 94 

multiplication, 98 
gchwarz's inequality, 134 
segment ( s ) '• 

•directed, J.0, 92 ' 

midpoint of, 18 

normal; 75 

point of division, 18 
set(s) 

condition for a, 
sine curve, 203 f -- 

amplitude of, 2?4 
slope- intercept form, h l j 
space curve, 372 
spherical coordinates, '379 
spheroid, 357 
- oblate, 357 ^ 

prolate, 357 
Stevfn, Simon, 96 
surface, axis of, 368 
surface of revolution, 368 



104 



00 
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2*3 



p 



X 



r 



symmetric equations, 319 
symmetric form, kl 
symmetry, 205 

axis of, 205 * 

line, 205 

plane, 355 

point, 205 

testB of, 206, 207, 209, 211, 355 
tension, llo 
tesseract, 32^+ 
\^ tetrahedron, 3^6' 
trace, 353 
^j transformation of axes, 389 

transformation of coordinates, 389 

translation, 391 

transverse axis, 2 98 

two -point form, 

unit 

point, 10 

veftor(s), 9^» H^j- 337 
vector(s) 91 

absolute value, 9^ 

additive inverse, 105 

angle between two, 121 

associative property, 105 

commutative property, 10h 
"•'.•"■ components, 113 

- difference, 99 

distributive property, 108 

dot product, 122, 12? 

equivalent, 92 

inner product, 121, 127 

inverse additive, 105 

linear combination, 107 



<, ■ 



vector(s), 91 

magnitude of, 92, 9 1 *, 

normal, 3^1 

origin, 93 

origin principle, 93 

origin- vector principle, 96 

perpendicularity of, 123 

properties of operations, 1q4 
• resolution of, 131 

resultant, 96 

scalar multiplication, 98 

sum, 96, 97 • 

unit, 9k, 11^, 337 

x- component, 11*3 

y- component, 113 

z-camponent, 33^ 

zero, 9^ 
velocity^ angular, 176 
vertex of cone, 3^6. 
witch of Agnesi,> 186 
x-axis, 26 
x-component, 113 
x-coordinate, 26 # ■ •■ 
xy-plane, 310 
xz-plane, 310 
y-axis, 26 
y- component, 113 
y T coordinate, 26 
yz-plane, 3IO 
z-axis, 310 

z- component, 33^ " 
z-coordinate, 310 
zero vector, 9^ 
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